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Introduction 



The theory of automorphic forms was initiated by H. Poincare with the Fuchsian functions, 
pursued by F. Klein in connection with the elliptic functions and developed in the frame 
of analytic number theory by many mathematicians among which E. Hecke [Heel], G. 
Shimura, C.L. Siegel, A. Ogg and J. P. Serre. But, according to the opinion of R. Langlands 
[Lan], "the theory of automorphic forms remains in 1997 as it was in 1967: a diffuse, 
disordered subject driven as much by the availability of techniques as by any 
high esthetic purpose". 

On the other hand, F. Dyson, referring to Mock theta functions, claimed in 1987: "The 
Mock theta functions give us a tantalizing hints of a grand synthesis still to 
be discovered. Somehow, it should be possible to build them into a coherent group- 
theoretical structure. This remains a challenge for the future". 

Taking into account the great challenge of the program of Langlands, the two-dimen- 
sional modular forms [Gel], [Ogg], are revisited here from a geometric and an 
algebraic point of view in the sense that: 

a) the weight k is proved to refer to k — dimensional modular forms; 

b) the level N is the Galois (or transcendence) extension degree of algebraic 
(or transcendental) quanta [Pie5]. 

The precedent advances in this field, developed in [Piel], are: 

1) the Fourier series development of a two-dimensional cusp form decomposes into a 
tower of increasing embedded semitori: geometric interpretation. 

2) a cusp form is a function into € from a set of IR 2 /(Z/ N /Z) 2 -lattices of tran- 
scendental quanta having extension degree iV : algebraic interpretation. 

3) a cusp form is covered by a global elliptic semimodule, which is a real 
analytic cusp form, in such a way that every two-dimensional semitorus is covered 
by a set of semicircles: cuspidal representation. 

4) a cosemialgebra of dual cusp forms exists with respect to the semialgebra of 
cusp forms leading to a bisemialgebra of cusp biforms (sections 1.11 and 1.12). 

All that constitutes the pieces of a theory of two-dimensional modular forms developed in 
chapters 1 and 2. 

But, in order to enlarge this framework, I have also considered in chapter 3: 
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1) the L -functions as nonperiodic transforms of modular forms, the nonpe- 
riodicity reflected by the different unit frequencies or quanta of energy of 
their nontrivial zeros; 

2) the theta series as real analytic modular forms in one-to-one correspondence 
with the respective complex modular forms; 

3) a geometric interpretation of the weak Maass forms in the sense that their 
series expansion consists of a sum of increasing embedded two-dimensional 
semitori with elliptic cross sections in such a way that their nonholomorphic 

part corresponds to a shadow; 

4) the connections of the Ramanujan theta functions [Ram] with weak Maass 
forms, modular forms and global elliptic semimodules in such a way that: 

a) the nonhomomorphic parts of the weak Maass forms correspond to the shadow 
of the Mock modular forms; 

b) the partitions in Ramanujan's theta functions are partitions of quanta. 

5) the (2-dimensional) cusp form of weight 12 and level 1 associated with 
the tau function and corresponding to a universal orthogonal cusp form. 

More concretely, the theory of modular forms of weight k and level iV is reviewed 
in chapter 1 with a special emphasis on: 

a) the decomposition of the Poincare upper half plane H into IR 2 (Z/NZ!) 2 -lattices 
partitioning it into coset representatives [n] of the quotient (semi)group 

Tl N {H) = T 2 (IR)/T 2 (Z/NZ) , l<n<oo, n e M , 

T 2 (M) being the upper triangular group of matrices; 

b) the action of T 2 (iR) on the fundamental domain D^fj ? being a unitary mea- 
surable set, i.e. a period, of t^ N [n} : 

c) the action of the Hecke operator T k (n) on a two-dimensional cusp form /fc(zzv) 
of weight k and level N decomposing it into Fourier series of which n- 
th term, corresponding to the coset representative [n] , is a two-dimensional 
semitorus T% N generated by two orthogonal semicircles at n transcen- 
dental quanta. 
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In order to be able to vary the weight of the two-dimensional cusp form fk(zN) 
of weight fc and level iV , the origin of this weight fc is assumed to be related 

• to a fc -dimensional cusp form 4>^(z Nk ), having a decomposition in Fourier 
series 

(fc W) = E Ai fe) e 2mnZNk 

71=1 

where ZNk is a k -tuple of complex numbers of order N as developed in the global 
program of Langlands over number fields [Pie2] , 

• by a projective map: 

CP (fc) _> 2 : <t> {k) {z Nk ) -+f k (z N ) 
under the conditions of proposition 1.14, 

• in such a way that the fundamental domain D y n ^ k of fk(zN) be equal to 
the fundamental domain D^n of 4>( k \z Nk ) . 

The morphism of projection from a two-dimensional cusp biform {fk{z*^) x fk{ z N)) of 
weight k and level N to a cusp biform (fh{z* N ) x fh(zN)) of weight h and some level 
N , k > h , k and h being even integers, depends on : 

a) the morphism of projection Phonifc^ from a k -dimensional cusp biform to a h- 
dimensional cusp biform; 

b) the Langlands functoriality conjecture [PielO] allowing to decompose 2 -dimensional 
cusp biforms of weight k and h into 2 -dimensional cusp biforms of weight 2 ; 

as it was developed in proposition 1.17. 

The global program of Langlands over number fields is used in chapter 2 to 
generate cusp (bi) forms from the Weil (bisemi) group of finite symmetric alge- 
braic extensions characterized by degrees being integers module iV of zero-th class, i.e. 
multiples of quanta. 

Langlands global correspondences are then associated with the covariant (bi)- 
functor 

FLGC: CABG — > CBCF 

GLi(F^ x FJ) — > n(GL 1 (F IJ xF w ) 

FLGC(Phom fc _ h ) : n fc (GLi(F sr x F u ) — ► IL h (GU(F u x F u ) 
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which is a (bi)function assigning: 

• to each algebraic bilinear semigroup GL 1 (F D - x F u ) over the product, right by left, 
of symmetric complex finite algebraic extensions F n and of the bisemigroup 
category [Pie3] CABG ; 

• its cuspical representation n(GLi(F^ x F u )) of the bisemigroup category CBCF of 
complex cuspidal representations 

in such a way that: 

• to each map 

Phom fc _> h : GL k (F u x F u ) — >■ GL h (F CT x F u ) 

sending a bilinear semigroup of dimension A; to a bilinear semigroup of dimension 
h, k > h , in the sense of what was abovementioned; 

• corresponds a map FLGC(Phom fe _^/j) sending the cuspidal representation 
n fe (GL 1 (F Z j x Fj) of GL 1 (F ZU - x Fj) , which is a two-dimensional cusp (bi)form 
of weight k, to the cuspidal representation IL^GL^F^ x which is a two- 
dimensional cusp biform of weight h . 

It then results that a (Weil) cusp form ^ f k {z^) of weight fc and level N , generated from 
a Langlands global correspondence, can be identified with a (classical) cusp form fk{zN) 
Of weight k and level iV if the Weil algebraic unitary fundamental domain Dp u .jy.^. of 
^fk(zN) covers the fundamental classical domain D^. k of fk{zN) ■ 
Now, results on the local and global curvatures of two-dimensional tori are 
presented in proposition 2.9 in the light of the covering of the cusp form fk(zN) 
by the global elliptic semimodule ELLIPi(2, n, m n ) : this leads to a new dynamical 
transition from global euclidean geometry to local hyperbolic and spherical geometries. 

In chapter 3, a generalization of two-dimensional cusp forms towards the weak 
Maass forms, the theta series, the Mock modular forms and the tau function 
is proposed. 

But, first, the (Mellin) transform [Bom] (which is a linear continuous map): 

oo 

0l : fk{z N -k) — > L(f k ,s N - k+ ) = E c nk n ~ SN - k + 

71=1 

OO 

(resp. <j) R : fk(z* N _ k ) — > L(f*, s N „ k+ ) = £ c* nk n~ SN - k - ) 

n=l 
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from the two-dimensional cusp form of weight k and level N , fk(zN-k) (resp. 
the dual cusp form f k *(z^ v _ k )) to the corresponding L -function L(fk, SN-k + ) 
(resp. L(f£, sjv-fc_) ) is pointed out to be nonperiodic because of the factors 
n -*N-k + (jggp^ n - s N-k_ ^ w h ere sjv_/, + (resp. sat-a:_ ) is the complex variable con- 
jugate to Zjv-fc (resp. z* N _ k ) being a complex point of order (N x A;) . 
The nonperiodicity of <pL (resp. (pR ) results from the map of the unique period 

T of fk(z N - k ) (resp. f k (z* N _ k ) ) to the set < ^ L of inverse periods, i.e. 

I T N-k J n= i 

unit complex frequencies, associated with the energies of one space quantum on 
the different levels " n " which can be evaluated from the consecutive spacings 
8ln = 7n+i — In between the nontrivial zeros of £(s) [Pie8]. 

In sections 3.3 to 3.8, the theta series 

n 

introduced from the quadratic form 

Q(n) = S Ea« , 

i=l n 

are proved to be a real analytic modular form of weight k/2 and level N in 
one-to-one correspondence with the two-dimensional modular form 

fk(zN-k) = SC„fc QN-k 
n 

of weight k and level N in such a way that the two-dimensional semitori c n u q^-k > 

of 

which generators are two semicircles at n transcendental quanta, are sent into semicircles 

dnk/2 e 2mn2xN - k / 2 at n 2 transcendental quanta. 

This approach corresponds to the classical one developed by G. Shimura and J. P. Serre 
who proved that every modular form of weight 1/2 on Ti(N) is a linear combination of 
theta series with characters [Shi], [Ser], [S-S]. 

In sections 3.9 to 3.15, a geometric interpretation of weak Maass forms is 
proposed in terms of modular curves. As in the Fourier series expansion 

ff M (z)= E l(f,n;y)q- n + £ a(f, n) q n , q = e 2 ™ 

n=no n=n\ 

of a weak form f£ M (z) of weight k , the imaginary dimension "y" is manifestly lowered 
with respect to the dimension u x" in z = x + iy , the weak Maass form f£ M {z) will be 
decomposed in series expansion 



fr^ k ) = ^\si N _ k/2 ,eii f>nN _j 
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consisting in the sum of two-dimensional semitori T^' e£ (— ) with semielliptic 
cross sections el 1 . in such a way that: 

a) the semicircular sections of the two-dimensional semitori T%(a nm \ d 2, d) e fk(zN-k) ~ 
f£ M (z N _k) are transformed bijectively into semielliptic sections; 

b) f£ M (z N _ k ) be periodic, holomorphic and weakly modular (i.e. deviated 
from circularity); 

c) the holomorphic part £ a(/, n) g n of the Fourier series of f£ M (z) corresponds to the 

n 

sum of the products of two orthogonal semicircles of which the one at "imaginary" 
semicircular section is the equation of a semicircle inscribed in the ellipse e ^lf,n N _ k/2 > 

d) the nonholomorphic part S7(/,n;j/) q~ n of f£ M (z) corresponds to its 

n 

shadow as developed in proposition 3.11. 

In section 3.14, generalized weak Maass forms are introduced as elliptic forms 

fk £ ( z N-k) of weight k and level N having a decomposition into the sum of surfaces 
of revolution of (semi)ellipses rotating around ellipses instead of circles as for the weak 
Maass forms. 

The commutative diagramm 

fk(zN-k) *" fk M ( z N-k) 

fk\ Z N~k) 

indicates the possible transformation of cups forms fk(zN-k) of weight k and 
level iV into the respective weak Maass forms f£ M (z N _ k ) and elliptic forms 
f k Et {zN-k) which are elliptic functions, i.e. doubly periodic meromorphic func- 
tions. 

In sections 3.16 to 3.20, the Ramanujan theta functions are analyzed in the 
light of the new geometric interpretation of weak Maass forms. 

Each Ramanujan theta function [Onol] is a Mock theta function [Wat] given by the q- 
series H(q) = S a„ q n in such a way that q x H(q) , A 6 Q , be a Mock modular form of 

n 

weight 1/2 whose shadow is a unary thera series of weight 3/2 . A Mock theta function is 
thus a Mock modular form [Fol] of the space M k of such forms extending the space M k 
of classical modular forms of weight k and characterized by a shadow g = S[h] which is 
a modular form of weight (2 — k) . 
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Proposition 3.17 introduces a geometric interpretation of Ramanujan theta 
functions transformed into Mock theta functions related to weak Maass forms 
in such a way that: 

a) the nonholomorphic part of the weak Maass form /^ M (ri_ 2 ) of weight 2 
and level 1 corresponds to the shadow g*(r) of the Mock modular form 
h(r) of weight 1/2 resulting from the Ramanujan theta function H{q) 

after the three step sequence transformation [Zag] recalled in section 3.16. 

b) the space M i of Mock theta functions h(r) and M 2 of weak Maass forms of weight 
2 are isomorphic. 

Let 

R(oj;q) = E E N(n,m) u m q n 

n=l m=—OD 

be the partition function specializing the 17 Ramanujan's Mock theta functions H(q) 
[B-02]. 

As N(n, m) is assumed to denote the number of partitions of transcendental quanta, 
the Dyson's rank m of a partition of n must be the order of the maximal 
Galois group associated with the considered transcendental extension minus 
the number of Galois subgroups: this result is the Galois interpretation of the rank 
of a partition introduced by Dyson as being its largest part minus the number of its parts. 

In sections 3.21 to 3.23, the Ramanujan tau function 

E r(n) g n = ? n(l- <f ) 24 = A(z) , 

71=1 71=1 

which is a modular form of weight 12 and level 1 , is associated with the two- 
dimensional cusp form ./^(z^-i) of weight 12 and level 1 which is proved 
to be a universal orthogonal cusp form corresponding throughout Langlands 
global correspondences to the sum of the cuspidal representations of six bilinear 
algebraic semigroups generating three two-dimensional embedded toric bismisheaves as 
well as their orthogonal equivalents according to: 

A(z) — ► f 2 (z 12 -i) — ► lK 12 )(GL 6 (i^ x D F u )) = © ^(GL^F* x D F u )) 

i=l 

where: 

• n( 12 )(GL 6 (F IJ x D F u )) is the twelve-dimensional cuspidal representation of 
GL 6 (Fjj x D F w ) ; 
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• n^ 2 ^(GLi.(Fjj Xd F u )) is the two-dimensional cuspidal representation of 
GLi,(^x D F w ). 

This can be finally generalized to universal nonorthogonal cuspidal representations 
including bilinear crossed cuspidal representations of interaction in such a way 
that n^ 12 ^(GL 6 (i^7 X D F^)) decomposes then nonorthogonally by means of the 
Langlands bilinear functoriality conjecture according to: 

n^(GL 6 (^ x D F w )) = © n^)(GL li (F„ x D F u )) 

i=l 

© U^(GL u (F m )) ® OD n (2j) (GL! (F w )) 
i#=i 

where the second sum on the right hand side refers to the six relevant offdiagonal crossed 
cuspidal representations of interaction as developed in section 3.22. 

This universal nonorthogonal cuspidal representation II^(GL 6 (.F<j x D FJ)) is then 
mapped injectively: 

M 6 : U^iGU^ x D F u )) — ► l(/ 2i (^_ 1 ) x /^(^O) 
11 ^21 i=i 

into the cross binary product 

between the six cusp biforms /b^l-i) x /^(-^-l) of dimension 2 , weight 2 and level 1 . 
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1 Cusp (bi) forms of weight k 



1.1 Classical definitions of the modular forms 

Let H be the Poincare upper half plane of complex numbers z = x + iy with strictly 
positive imaginary parts y . 

Let S u denote the set of pairs u = (001,002) of complex numbers 00 i = Xi + iyi , yi > , 



Let z G H be given by z = — in such a way that 00 = (001,002) be sent into z by the 



€ -linear map g c : € 2 € [Del]. 

The set G ( ^(H) of lattices of H is the quotient if/GL(2,^) of H by the 
group GL(2, 2Z) in such a way that G%\H) corresponds to Hom(^ 2 ,(C). 

Let -F(w) = w^" fc f(ooi/oo2) define a holomorpic and homogeneous elliptic function of weight 
k in the upper half plane [God], k being fairly often an even integer. 
F(lj) is a modular (or "automorphic" ) form of weight k if it is invariant under 
the substitution uj — > gsL 2 °° where g S L 2 is the matrix ( a c b d ) , a,b,c,d G Z , of the 
homogeneous modular group SL(2, /Z) of homographic transformations, verifying 
ad — be = 1 . The modular form F(uo) of weight k is then equivalent to a € -valued 
function f(z) of moderate growth on H verifying: 



where (cz + d) k is the weight factor. 

The action of PSL(2, 2Z) = SL(2, %) / ± I on z G € then generates on f(z) : 

a) a "periodic" translation by S : z — > z + 1 ; 

b) a "periodic" space inversion by T : z — >■ —1/z. 

The modular form of f(z) of weight k is of level iV if it is invariant under the congruence 
(sub)group r (iV) (resp. Ti(N) ): 



1 = 



1,2. 





r (iV) = {( **) G 5L(2, ^) : c = (mod N)} 



(resp. ri(iV) = {(2d) e SL(2,%) :c = (mod N),a,d= 1 (mod TV),} ). 
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1.2 IR 2 / 2Z 2 -lattices of the Poincare upper half plane 

Let G%\H) = #/GL(2, 22) , or more precisely, G%\h) = Gh 2 {R)/ GL 2 (%) be the set 

of M 2 / Z? -lattices of the Poincare upper half plane H generated by the group 

GL 2 (iR) isomorphic to the group GL(H) of automorphisms of H [Bor]. 

Similarly, let G% ] N {H) = GL 2 (R) / GL 2 (Z/N%) be the set of R 2 /(Z/NZ) 2 -lattices of 

H. 

As the subgroup G\j 2 (/Z) (resp. the congruence subgroup G~L 2 (Z/ N Z)) leads to the 
generation of the set {A^[n]} (resp. {A% ] N [n}}) of (resp. (Z/NZ) 2 -) lattices 

(2^ (2^ 

in H, the quotient group G Z )(H) (resp. G Zn ){H)) is given by the coset 
representatives: 

(jS'N) ( re sP- |#2>]} ), t<oo. 

k ) n=l ^ J n=l 

f2l (2^ 

The order of the ra-th coset representative g z [n] (resp. g%^[n] ) is the integer 
n (resp. n N), corresponding to the number of its elements or automorphisms 

(2) (2) 

On the other hand, as A z [n] is included into A Zn [n] , the quotient subgroup 

[n] / A^P [n] is finite and its order is N : A^Jn] is thus of index N in A^[n] [Ser] . 
Let H n (resp. H n ^ ) denote the Poincare upper half plane restricted to the n-th coset 

(2) (2) I (2) / (2) 

representative g z [n] (resp. g z [n] ), then H n /A z [n] is included into H n ^ / A z [n] . 

(2) (2) (2) 

For every integer n labeling a coset representative g z [n] (resp. 9z N [ n ]) of G x (H) 
(resp. G^ N (H) ), we have the monomorphism 

h A -+g : A { z[n] ->• <?$?Vl (resp. h AN ^ 9N : [n] -» [ra] ) , 1 < n < t < oo . 

1.3 Fundamental domains 

A fundamental domain (resp. D^n ) °f «■ with respect to the sublattice 

(2} f2l 

A z [n] (resp. A^[n] ) is a unitary measurable set (i.e. a period) of H n in such 

(2^) (2) 

a way that its translations by the vectors of A z [n] (resp. A^[n] ) are a partition of H n . 
As a modular form is periodic, all the fundamental domains (resp. D^n )» 

V n , are equal: 

D f ) = D ( i ) = ... = D^ = ... = Df ) 

(resp. £>$ = = . . . = ])g = • • • = D«) )■ 

The fundamental domain Z?^ 2 ) (resp. -D^v ) corresponds then to the isotropy 
group i"i 2) = {i z G li 2) | i z z i~ z = z} (resp. igj = {i EN G igj | i Xjv z = 
z} ) of z . 
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1.4 Proposition 

The isotropy subgroup 1^ (resp. 1^ ) acts on GL 2 (iR) by conjugation in such a way 
that the coset representatives {g { z[n]} n (resp. {.g^[n[},J of G% ] {H) (resp. G% ] N (H) ) 
are the conjugacy classes of GL 2 (M) . 

Proof: The isotropy subgroup I z ' (resp. I% N ) has order 1 (resp. order N) according 
to section 1.2. 

As the isotropy subgroup 1$ (resp. 1^ ) is defined with respect to the set {A^[ri]}* !=1 
(resp. {A^,[ri]}| l=1 ) of sublattices of GL 2 (iR) which is isomorphic to the group of au- 
tomorphisms of if, it is clear that there are t classes of automorphisms in GL 2 (iR) 
generated by the translation vectors of the sublattices {A^[ri]}„ (resp. {A^ [n]} n ) on 

(2) (2) 

the fundamental domain Dn (resp. D^). As every automorphism of H is induced by 
a conjugation of GL 2 (iR) , there are "t" classes of conjugation of GL 2 (iR) given by their 
orders which are integers 1 < n < t < oo (resp. N<n-N<t-N< oo). 
And, thus, the cosets of G^(H) (resp. (H) ) are in one-to-one correspondence with 
the conjugacy classes of GL 2 (iR) . ■ 

1.5 Corollary 

The action of GL 2 (iR) on the fundamental domain Dn^ (resp. D^ N ) induces a homo- 
morphism [Hun] 

h G ^ Pn : GL 2 (iR) — > P(Dj-p) (resp. h G ^ PnN : GL 2 (iR) — > P(D^) ) 

into the group P(Dn^) (resp. P(D^) ) of all permutations of D$ (resp. D^ N ). 

Proof: The map h G ^ Pn (resp. h G ^p nN ) being a bijection implies that P(Dn^) (resp. 
P(D^h) ) is a group of permutations. ■ 

1.6 Actions of Hecke operators 

The sum of the functions on the cosets of T^\h) = T 2 (IR) /T 2 {2Z) (resp. 
T%^(H) = T^iR) / T 2 {Zj '/ N ZZ) ) (T 2 (iR) being the subgroup of upper triangular matri- 
ces of GL 2 (iR) ) can be reached by the action of the Hecke operator Tu{n) (resp. 
T k (n;N)) on the modular form fk( z ) (resp. fk( z )N) of weight k and level 1 
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(resp. N ) given by: 



Tt(n) A(z) = n*- 1 7i(n) F k (G$(H)) 

ad=n \ U 

0<b<d x 

(resp. T k (n; N) f k (z) N = (n N)*' 1 T k (n; N) F k (G% ] N {H)) 

az + b 



(nN) k - 1 E ^ fc / fe f' 

ad=nN \ 



d 



) 



N 



according to a complete set of upper triangular representatives (g^) (resp. (od)jv)> 
arf = modulo N , b = * modulo JV of the group M ra (resp. T^iV), T (iV),... )) 
of integral matrices with determinant n (resp. n N . . . ) with respect to SL 2 {ZZ) (resp. 
SL 2 {Z/N%)). 



1.7 Proposition 



T/ie sum £ d I — - — ] (Vesp. £ ^jv /fe I — j — ) j °/ the functions on the 

ad=n \ d J ad=nN \ d J ^ 

coset representatives t% ] )[n] (resp. t% ] N )[n] ) of T 2 {IR) /T 2 (2Z) (resp. T 2 {IR)/T 2 {Z/N%) ) 
is in one-to-one correspondence with the action 

T k (n): T%\H) — ► S t%\H) 

(T^(H):T^(H))=n 

(resp. T k (n;N): T^(H) > E t^jH) ) 

(T«(fO:rW(H))=nJV 

of the Hecke operator T k {n) (resp. T k {n;N) ) associating (by a correspondence) with the 
lattice T%\h) (resp. T^(H) ) the sum of its sublattices t^(H) (resp. t^ N (H) ) of 
index n (resp. n N ) in T%\H) (resp. T^ ] n (H) ). 

Proof: This is immediate if we take into account the monomorphism 

h ^g ■ A x N — ^zH ( res P- h A N ^ 9N - A^,N — > t ( z N [n] ) 

of section 1.2 mapping the n-th -sublattice A^[n] (resp. (2Z/N/Z) 2 -sublattice 
A^ N [n}) into the n-th coset representative t^[n] (resp. [n] ) of T 2 (IR)/T 2 (Z) (resp. 
T 2 (IR)/T 2 (Z/NZ)). 
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(2) r (2^ 

Then, the functions on the cosets t x [n] (resp. t z [n] ) are in one-to-one correspon- 

i i , r <■ ( az + b\ , r . f az + b\ ( 2 )r , 

dence with the tunctions f k : — (resp. f k : — ) on the sublattices AV n 

\ d J V d J N 

(resp. A^P [n] ) described by the coset representatives (g b d ) (resp. (g b d ) N ) of M n (resp. 

r^iv),^^),... ). 



1.8 Fourier series development of cusp forms 

Let 



T k (n): F k (T { *\H))^ E rf~ fe /, 



ad=n V 



CLZ + b 



(resp. T fc (n;JV): F k (T%(H)) — ► £ ^ / fc ( ^±±) ) 

ad=nN \ d J N 



be the action of the Hecke operator T k (n) (resp. T k (n; N) ) on the function F k (T%\H)) 
(resp. F k (T^ N (H))) over the two-dimensional lattice T%\H) (resp. T^(H))) given by 
the Laurent series: 

F k (T%\H)) =Za> n h n (resp. F k (T^ N (H)) = Z b' n k n ) 

n=0 n=0 

with ft, = iffc(z) (resp. with k = K k (z N ) ) being a function of z (resp. z N ) which is a 
complex point of order (1 x fc) (resp. (N x fc) ) to which a period "1 x fc" 
(resp. N X fc ) corresponds. 

Let 

( fc ) . h — U, (v\ i. n - (r-wr, n-W ■ h - K. ( -y „\ ^ r, „ - ^iz N \ 



r ( h Z q -- h = H k (z)^q = e^ (resp. r^: k = K k (z N ) — y q N 



e 



be the toroidal mapping sending h (resp. fc ) into q (resp. q N ) in such a way 
that the Laurent series F k (T^(H)) (resp. F k (Tjg(H))) be transformed into 
the Fourier series: 

oo oo 

fk(z) = £ a n q n (resp. f k (z N ) = £ b n q n N ). 

n=l n=l 

Taking into account the main property 

T fe (m)T fe (n)= £ T fe (mn/rf 2 ) rf"" 1 

d|m;n 

of the Hecke operators, we find that [Lan] 

oo oo 

T k {m) f k (z) = £ a nk {m) q n (resp. T k (m;N) e f k (z N ) = £ c nfe ) 

n=l n=l 
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with e : (2Z/NZZ)* — > €* a Dirichlet character mod N , where 

a n k(m) = E c^ 1 a nm | d 2 (resp. c nfe = E e(d) a„ m | d 2 ). 

d\m,n d\(m,n) 

If /^(z) (resp. fk(zN)) is an eigenfunction of all the Hecke operators Tk(m) (resp. 
Tk(m; N)), 1 < m < oo , according to: 

T k (n) f k {z) = \(n) f k {z) (resp. T k (m; N) £ f k (z N ) = X(n) N f k (z N ) ), 

we have that a n fe = A(n) for /fc(z) normalized with a\ — 1 (resp. c„fc = A(n)Ar = 
E 1 ) where A(n) (resp. A(ra)jv) is a Hecke eigencharacter of fk(z) 

d\n 

(resp. f k (z N )). 

If ai = (resp. Ci = 0), then T fc (n) (resp. T k (n; N) fk(zN)) is a cusp form of 

weight k and level 1 (resp. N). 

1.9 Proposition (Geometric interpretation of cusp forms) 

Let 

n n 

T 2 {n) f 2 (z) = E a n (m) q n (resp. T 2 (n; N) f 2 (z N ) = E c n q n N ) 

n=l n=l 

be a weight 2 (k = 2) cusp form of level 1 (resp. N ). 

Then, we have that the ra-th term a n (m) q n (resp. c n q^) given by 

T^(a nm \ d 2, d) 

~ a n (m) q" = r s i n e 2 ™ X r s i^ e 2 ™ n(iy) 

(resp. T 2 N (a nm \ d 2,de(d)) 

~c n q"= r s i e 2 ™ nXN X r s i e 2 ™(^)) 

a nN d nN 

is a two-dimensional semitorus T 2 (a nm \ d 2,d) (resp. T 2 N {a nm \ d 2,de{d))): 

a) generated by two orthogonal semicircles S* (resp. ) and S dn (resp. 
S^ nN ) respectively at a n and d n (transcendental) quanta (see proposi- 
tion 2.8) in such a way that the Hecke eigencharacter X(n) = a n k (resp. X(ti)n = 
c n k ) decomposes according to \{n) = X a (n) x A^(n) (resp. A(n)jv = X a (n) N x 
Xd(n)^ ) where X a (n) (resp. X a (n) N ) refers to the radius r s i (resp. r s i ^) and 
Xd{n) (resp. Xdin)^ ) refers to the radius r s i (resp. r s i ); 

b) whose area results from n (resp. nN) permutations of the fundamental 
domain (resp. D™) of T 2 (n) f 2 (z) (resp. T 2 (n; N) f 2 (z N )). 
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Proof: 



1) The n-th term fl f (z) = a n {m) q n (resp. /J f (z N ) ) of the cusp form T 2 (n) / 2 (-2) 
(resp. T 2 (n;N) f 2 ( ^ )) corresponds to the n-th cuspidal sublattice on products 
(uj[ x u>' 2 ) (resp. (u^ x u)' 2 )) of complex numbers with positive imaginary parts 
and results from the map: 

z = ^- 2 ^fi n \z)=uj' 1 ^uj' 2 (resp. z N = ^ — > f 2 n \ z N) = u' 1N x u 2N ) 

in such a way that and u 2 (resp. w 1Ar and u' 2N ) are respectively the orthogonal 
semicircles 

Sl=rsi n e™« (resp. ^ = e 2 ™- ), x > , 

and Si = r sL e 2mn ^ (resp. = e 2 ™^ ), y > , 

of radii r 5 i (resp. r 5 i ^ ) and rgi (resp. r s i ). 
Indeed, as it was proved in [Piel] and [Pie2], 

f£\z) ~q = e 2niz = e 2nix • e 2ni(iy) 

corresponds to the product of two orthogonal unitary (semi) circles be- 
cause e 27 ™(*y) ^ e~ 2ny where (iy) is an "imaginary" angle which cannot 
be "assimilated" to the function exp(i#) = cos0 + isinO . And, thus, this 
"imaginary" angle is the angle of a circle orthogonal to e 2mx . 

2) As the n-th cusp subform f 2 n \z) (resp. f 2 n \zN) ) is a function on the n-th coset 
representative t%\n] (resp. t% ] N [n] ) of T%\H) = T 2 {M) jT 2 {2Z) (resp. T^ N (H) = 
T 2 (1R)/T 2 (Zj/NZj) ), the action of t^[n] (resp. t^ N [n] ) on the fundamental domain 
Dn^ (resp. ) induces the map: 

VcHV & n) W ~> P »(/2 a) W) 

(resp. ^w (2iv) ^p nJV : /fW) — ► ^W(./ 2 (1) (^v)) ) 

of /i"^) ( res P- / 2 (n) (^jv)) into the subgroup P n (jf\z)) (resp. P niV (/ 2 (1) (^)) ) 
of n (resp. nN) permutations of the unitary cusp subform f^\z) = a\ q 1 (resp. 
ff\z N ) = ci g^) on A ( » 2) (resp. -D^ ) according to corollary 1.5. ■ 
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1.10 Proposition 

The weight 2 cusp form of level 1 (resp. N ) 

oo oo 

T 2 (n) f 2 (z) = £ a n (m) q n (resp. T 2 (n; N) f 2 (z N ) = £ c n q n N ) 

n=l n=l 

is a function 

a) composed of the sum of increasing embedded two-dimensional semitori 
localized in the upper half plane: 

ai q 1 C a 2 q 2 C • • • C a n q n (resp. d q x N C c 2 C • • • C c n q% ); 

b) which is periodic in the sense that each cusp subform f 2 n \z) (resp. 
f 2 n \z N )) has an area being n (resp. nN) times the area of the uni- 
tary cusp subform f 2 \z) = a t q 1 (resp. f 2 \z N ) = Ci q]^). 

Proof: This results immediately from proposition 1.9. ■ 



1.11 Cosemialgebra of dual cusp forms 

Let S L (k,l) (resp. S L (k,N)) denote the (semi)algebra of cusp forms fk(z) (resp. 
fk(zN) ) of weight k and level 1 (resp. N) which, expanded in Fourier series 

oo oo 

fk(z) = S a nk (m) q n (resp. f k (z N ) = £ c nk {m) q 7 ^ ) 

n=l n=l 

are eigenfunctions of Hecke operators Tk(m) (resp. T k (m;N)) and are holomorphic in 
the Poincare upper half plane H . 

The dual (semi)algebra of Si(fc, 1) (resp. S^k^N)) is the cosemialgebra 
S R (k, 1) (resp. S R (k, N)) of dual cusp forms fk(z*) (resp. fk(z^)) of weight 
k and level 1 (resp. iV ) which: 

• are holomorphic in the Poincare lower half plane H* of complex numbers z* = x — iy 
with negative imaginary parts — y ; 

• are eigenfunctions of Hecke operators T^(m) (resp. T^(m;N)); 

• are expanded in Fourier series 

AGO = E < fe (m) <r 

(resp. / fc (z^) = E < fe (m) g« ), q* = e^ iz " , 

n=l 
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according to the complete set of lower triangular coset representatives 

(id) ( res P- (2d)jv a d = OmodiV, b = *modiV) of the group M n (resp. the 
congruence subgroup r 1 (A r ), T (N), . . . ) of integral matrices with determinant n 
(resp. nN ) with respect to SL 2 (Z) (resp. SL 2 (Z/NZ)). 

We thus have that: 

a) the n-th dual cusp subform f^ n \z*) (resp. /^(Zjv)) of weight k with respect to 
fi n \ z ) ( res P- fi n \ z N)) is a cofunction on the n-th coset representative t*^ 2 %[n] 
(resp. t* k %[n]) of 

T fc (2 i(iT) = n(IR)/n(Z) (resp. T fc 2) Zjv (iT) = T\{JR) jT\{Z I N Z) ) 

where: 

. T^%(H*) (resp. Tj;% N (H*)) is the set of M 2 / Z 2 (resp. M 2 /{Z/N Z) 2 )- 
lattices in the Poincare lower half plane H* ; 

• T 2 (M) (resp. T^IR) ) is the two-dimensional subgroup of upper (resp. lower) 
triangular matrices. 

(k) / (k) \ 2 

b) Dn (resp. D n ^) is a fundamental domain of H* with respect to the n-th Z - 
sublatticeA*^[n] (resp. (Z/NZ) 2 -sublattice A^ 2 ^ [n] ). 

From now on, we shall only consider the semialgebra S L (k,N) (resp. the cosemialgebra 
Sn(k, N) ) of weight k cusp forms fk(z N ) (resp. dual cusp forms fk{z* N ) ) of level N , the 
level N — 1 being a particular case of it. 

1.12 Bisemialgebra of cusp biforms 
Let 

Rf h , N = Ul n \zN)} n (resp. R flN = {fi n) (z* N )} n ) 

denote the left (resp. right) semiring of cusp subforms //^(zjv) (resp. dual 
cusp subforms f^iz^j) ) as introduced in section 1.11. 

Then, Si(k,N) (resp. £>#(&, N) ) is a left ^ -semialgebra (resp. right i?/* ^ -cosemi 
algebra) . 

Let i?/* x -R/ feJV be the associated bisemiring [Pie3]. 

Then, the Rf* N X Rf k N -bisemialgebra 5ij X i(fc, N) of cusp biforms fk{z* N ) X 
fk(zN) of weight fc and level A?" is a bisemiring such that: 
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a) SR X L(k, N) is a unitary Rf* N x -R/ fc ^ -bisemimodule: 

b) I^RxL '■ S RxL (k, N)x_Sn X L(k, N) — >■ Sn X L(k,N) is a bilinear homomorphism where 
_X_ is the cross binary operation acting on the cusp biforms as follows: 

[(Vfc(^) x VfcM) 21 (Vfc(^) x V*(*n))] 

= [P/fc^ + V*^)) x (V^M + VfeM)] 

allowing cross products ( 1 / fc (z^) X 2 f k (z N )) and ( 2 f k (z^) X 1 f k (z N )) be- 
tween left and right cusp forms 1 and 2 . 

c ) Vrxl '■ Rfi N x -R/feiv ~~ SnxL^k, N) is an injective homomorphism [Piel]. 

The existence of the bisemialgebra S RxL (k, N) of cusp biforms is especially important due 
to the homomorphism: 

V>: S RxL (k,N) ^End(S L (£;,A0) 

allowing to compute the endomorphism End(S ^(k , N)) of the semialgebra Si,(k,N) of 
cusp forms fk{zN) ■ 

As the semialgebra Si(k,N) (resp. the cosemialgebra Su(k,N)) of cusp forms fk{zN) 
(resp. dual cusp forms fk(z* N ) ) is defined on the quotient semigroup 

T%l(H) = T 2 {IR)/T 2 {Z/NZ) (resp. T^(H*) = T*(R)/T*(Z/N2Z) ) 

of lattices of H (resp. H* ), the bisemialgebra Sn X L(k, N) of cusp biforms fk{z*^) x fk{zN) 
will be defined on the quotient bisemigroup 

G^(if* x H) = GL 2 {1R x EL)/ GL 2 {Z/NZ) 2 

where 

Gg,(/T x H) = TfJ(H*) x Tjg(Jf) , 
GL 2 (iR x R)= T^R) x T 2 (IR) , 
GL 2 (^/iV^) 2 = T*(Z/N%) x T 2 (Z/NH) . 
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1.13 Varying the weight of cusp (bi) forms 

The bisemigroup category CAF of cusp biforms fk{z* N ) x fk{zN) is then given by: 

1) the cusp biforms (fk(z* N ) x fk(z N )) , k and iV varying; 

2) the (bi)morphisms of projection 

Horn [(f k (z* N ) X f k (z N )), (f h (z* N ) X f h (z N ))} , k>h, 

sending cusp biforms {fk{z* N ) X fk(zN)) of weight k into corresponding 
biforms (f h (z* N ) X f h (z N )) of weight h . 

But, in order to understand the (bi)morphism of projection: 

phom k\h : fk{z* N ) x fkM — ► fh(z* N ) x f h (z N ) 

from a cusp biform of weight k onto a cusp biform of weight h , we have to give a new 
meaning to the weight of cusp forms: this will be done in the next sections. 

1.14 Proposition (Origin of the weight of cusp forms) 

Let 

<p{ 2 \z N ) = T k (n;N) £ f k (z N ) = E c nk q n N 

n=l 

denote a weight k two-dimensional cusp form of level N as described in section 1.8, 
where 

c nk = E e{d) d^ 1 a mn \ d 2 and q% = e 27TinZN , 

d\(m,n) 

Let 

(f> (k) (z Nk ) = E Ai fc) e 2ninZNk 



be the Fourier series development of a cusp form of real dimension k (k being an even 
integer) [Pie2] and level N on € k ^ 2 above the weight k two-dimensional cusp form 

4>k\ z N) = fk{z N ) 

where: 

ik) kfl j>2i (2~\ -, 

• An = II A n j with X r J = r s i x r s i the product of the radii of two circles and 

d=l dl d2 

Ol . 

• ZNk = z$ + z$ + • • • + z$ is the sum of the elements of a k -tuple of complex 
numbers z$ of order N . 
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Then, there exists a map: 

CP {k) ^ 2 : (fc W) — ► 0fc (zn) 
in such a way that, Vn, 1 < n < oo : 

^ every two-dimensional semitorus of 4>r{ ZN ) 

be the inverse image of a k -dimensional real semitorus Z^(A^) = 

X (k) e 2irinz Nk of 0(fc)( Zjvfc ) ; 

fe/2 /^s. 

i?) t/ie product A n = II A^ , representing the product of the radii of the generators of 

d=l 

T^(Xn^) , be sent by the map 

CP {k) ^ 2 (n) : A n fe) — >• c nfe 
mto the coefficient c n k of 4>^\zn) implying that \\Xn^\\ = \\c n k\\ ■ 

(2) 

Proof: The weight k of the two-dimensional cusp form of level N , (jr k \Zn) then orig- 
inates from the map CPm^ of a k -dimensional cusp form of level N , 4^ k \ z Nk) into 
4$(zn) at the conditions of this proposition. 

The Fourier series development of 4>^ k \zNk) was introduced in [Pie2] from which it results 
that it is the sum of increasing embedded A; -dimensional real semitori T^(X^) . 
The conditions given by the map 

CP (k) ^ 2 (n) : \ ( V ->• c nk 

on the coefficients imply the inflation of the coefficients c n of a weight 2 cusp 
form to the corresponding coefficients c nk of a weight k cusp form (according 
to section 1.8 and proposition 1.9) associated with the inflation map 

I T2 ^k : T 2 (n,N) f 2 (z N ) — > T k (m, N) £ f k (z N ) 

of a weight 2 cusp form into a weight k cusp form. 

The origin of this inflation map Ir 2 ^k proceeds mainly from the factor g^ -1 ) of c nk and, 
similarly, from the "normalization factor" (cz + d)~ k in the automorphic condition 



f(z) = (cz + d)- k f 



az + b 
cz + d 
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1.15 Proposition 

The fundamental domain D^ k of the weight k two-dimensional cusp form 4>^\ z n) = 
fk( z N) is equal to the fundamental domain of the corresponding k -dimensional cusp 

form 4>( k \z N k) implying that 

T^(a,d,e(d) k )^T^(X^), Vn. 



Proof: 

1) The fundamental domain D ( n ^ k of the weight k two-dimensional cusp form <f) k (z N ) 
is given by q]^ = e 2mlZN where z N is a complex point of order (k x N) according to 

(k) 

propositions 1.4 and 1.14 while the fundamental domain of the corresponding 

A; -dimensional cusp form ^ k \z Nk ) is given by q 1 Nk = e 2mlZNk where z Nk is also a 
complex point of order (k x N) according to proposition 1.14. 

Consequently, we have that: 

r>( 2 ) - n( fc ) 

U nNk — U nN ■ 

2) The domain A^ Nk of the n-th periodic cusp subform T^(a,de(d) k ) = f k n \z N ) is 
evidently given by: 

^nNk — U ^nNk 

while the domain A^ N of the n-th periodic cusp subform T^(X^) of 4>^(z Nk ) is: 



Consequently, we have that: 
and, then, that 



A( k ) _ n( fc ) 

^nN — n U nN ■ 



A (2) _ Ak) 



T%(a,de(d) k )=TM(\W). 



1.16 k -dimensional cusp biforms 

The k -dimensional real cusp biform of level N associated with the A; -dimensional real 
cusp form (f)^ k \z Nk ) of level N is: 

^ k \z* Nk ) x ^ k \z Nk ) . 
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As <j>( k \zNk) (resp. (f)^ k \z* Nk ) ) is a function on the sum of the cosets of T k (IR)/T k (Zj/NZj) 
(resp. Tl(IR)/Tl(Z/N%)) according to section 1.6, <j) {h) {z* Nk ) x ^ k \z Nk ) will be a bi- 
function on the sum of the cosets of 

GL k (lR x IR)/ GL k (Z/NZ) 2 = T*(R) x T k (R)/T£(Z/N%) x T k (Z/NZ) 

and will be written as follows: 

C x <C( G M^ x R)/GL k (Z/NZ!) 2 ) . 

1.17 Proposition (Changing the weight of cusp (bi)forms) 

Let 

J>?1 x 0W(GL fc (ffl x iR)/GL,(^/iV^) 2 ) 

fre £/ie -dimensional real cusp biform of level N above the 2 - dimensional cusp biform 
{fh{z* N ) x fh(zisr)) (also written {4>^\ z *n) x 4>h\ z n)) ) of weight h and level N . 
Then, the bimorphism (of projection) between 2 -dimensional cusp biforms of weights k 
and h (introduced in section 1.13): 

Phomj^ : fk(z* N ) x fk{z N ) — > fh(z* N ) x f h (z N ) , k> h , 

directly depends on: 

a) the bimorphism (of projection) 

Phom fc _>„ : x (GL k (IR x IE)/ GL k (Z/NZ) 2 ) 

Nk iVh ' ' 

— ► C x C( G M^ x W GU(^/iV^) 2 ) 
between k and h -dimensional cusp biforms; 

b) the decomposition 

k/2 

fk(z* N ) x f k (z N ) = ®{h e {z* N ) x f 2t (z N )) , 

h/2 

fh(z* N ) X f h (z N ) = ®(f 2t (z* N ) X f 2t (z N )) , 

h andf k being even integers, 

of weight k and h 2 -dimensional cusp biforms {fk{z* N ) x fk{z N )) and (f h (z* N ) x 
fh( z N)) into 2 -dimensional cusp biforms of weight 2 according to the Langlands 
functoriality conjecture. 
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This can be summarized in the following diagram: 



GL 2 (iR x m) 
/GL 2 (Z/N%) 2 
= GL 2 



GL fc (iR x m) 
/GU{%/N2Z) 2 
= Gh k 



n( 2 ) 



0gx 



z N 



Phomo 



Phom fe ^ h 



GL h (M x M) 
/QU{Z/N2Z) 2 
= Gh h 



€1 x^)(GL fc ) 



/ 2 (^) x f 2 (z N ) 



Phom. 



(->) 



CP (k) ^ 2RxL 



Phom 



(2) 



fk(z* N ) x f k (z N ) 



CP (h) ^ 2RxL 



h{z* N ) x f h {z N ) 



where: 



• x 0i 2 J(GL 2 (iR x iR)/GL 2 (^/iV^) 2 ) = / 2 (^) x / 2 (2jv) is a two-dimensional 
cusp biform of weight 2 ; 

• the map fl^ is a cuspidal representation of the quotient bisemigroup (GLk(IR x 
M)/ GL k (2Z/N5Z) 2 ) given by the corresponding cusp biform and depending on a 
toroidal compactification [Pie2]. 



Proof: The bimorphism (of projection) Phomfc^f, is directly related to the 
Langlands functoriality conjecture transposed from cuspidal representations of bi- 
linear algebraic semigroups [Pie4] to cuspidal representation of quotient bisemigroups 
GL fc (2Rx M)/ G~L k (Z/NZ) 2 and asserting that the cuspidal representation Il (fc) (GL fc (iRx 
]R)/ GL k {Z/N%) 2 ) of the quotient bisemigroup {GL k {M x M)/ GL k {Z/N%) 2 ) is orthog- 
onally completely reducible if it decomposes diagonally according to [Pie4] : 

k II 

nW(GL fc (ffi x m)/GL k (z/N%) 2 ) = ®n^\GL 2e (m x m)/ GL 2e (%/NZ) 2 ) . 

This corresponds to the injective map Phom 2 ^^. which is above the injective map Phom^fc 
leading to the decomposition 

fk(z* N ) X f k (z N ) = k ®(f 2t ( z * N ) x f 2£ (z N )) 

£=1 

of weight k cusp biforms into weight 2 cusp biforms. 

The surjective morphism Phom^^ is then directly associated with: 

a) the deflation of the product (c* h x c n h) of the coefficients of the two-dimensional cusp 
biforms f h (z* N )xf h (z N ) of weight h from the product (c* fc x c nk ) of the coefficients 
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of the cusp biform fk{z* N ) x fk{z* N ) of weight k, 1 < n < t < oo , according to 
proposition 1.14 and giving the increasing sequence 

C n2 X C n2 > C n h X C nh > C n k X c nk ] 

b) the increasing sequence 

(z* N X Zn)2 > {z* N X Z N ) h > (z* N X Zx)k 

of cusp bipoints, where {z* N x zn) is a complex bipoint of order (N x 2) , x zat)/i 
is a complex bipoint of order (N x /i) and (z* N x ^tv)^ is a complex bipoint of order 
(N x k) , with fc > /i . ■ 
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2 Cusp (bi) forms from the Langlands global program 



Cusp (bi) forms are characterized by the two integer numbers k and N where k refers to 
the geometric dimension of a cusp (bi)form above a cusp (bi)form of weight 2 while N 
will be recalled to refer to an algebraic dimension. 

Indeed, we shall at first prove that the quotient bisemigroup GL k (IRx IR)/ GL k (% / 'N 22) 2 , 
on which a cusp biform can be defined, is covered by the (algebraic) bilinear semigroup 
GL k (Fy x F v ) over the product (Fy x F v ) of sets Fy and F v of pseudoramified transcen- 
dental extensions referring respectively to the lower and upper half space. 



2.1 Algebraic and transcendental quanta 

a) Let then F denote a set of finite algebraic extensions of a number field k of charac- 
teristic : F is assumed to be a set of symmetric splitting fields composed of 
the left and right algebraic extension semifields Fl and Fr being respec- 
tively the set of complex and conjugate complex simple roots of the polynomial ring 
k[x] . 

In the real case, the symmetric splitting fields are the left and right symmetric 
splitting semifields F£ and F£ composed of the set of positive and symmetric 
negative simple real roots. 

b) The left and right equivalence classes of infinite Archimedean completions of F L and 
F R are the left and right symmetric infinite complex places 

uj = {oji, . . . ,u n , . . . ,oj t } and uJ = {uJi, . . . ,u n , . . . ,u t } , t < oo . 

In the real case, the infinite places are similarly 

v = {vx, . . . ,v n , . . . ,v t } and v = {Ui, . . . , v n , . . . , v t } , 

covering the respective infinite complex places as described subsequently. 

c) All these (pseudoramified) completions, corresponding to the transcendental exten- 
sions, proceed from the associated algebraic extensions by a suitable isomorphism of 
compactification [Pie5] and are built from irreducible real subcompletions F v i (resp. 
F w i ) characterized by a transcendence degree 

tr -d ■ F v i/k = tr -d ■ F v i/k = N equal to [F v i : k] = [F v i : k] = N , 

which is the Galois extension degree of the associated irreducible algebraic closed 
subsets F.,i and F T .i . 
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All these irreducible (unitary) subcompletions (resp. subextensions) are 
assured to be transcendental (resp. algebraic) quanta [Pie6]. 

d) The pseudoramified real extensions are characterized by degrees: 

[F Vn : k] = [Fy n : k] = * + n N , 1 < n < t < oo 
which are integers modulo N , Z/NZ, where: 

• F Vn and Fy n are algebraic extensions corresponding to the infinite completions 
F Vn and F^ n , respectively at the v n -th and v n -th symmetric real pseudoram- 
ified places; 

• * denotes an integer inferior to N , taken generally to be " " . 

Similarly, the pseudoramified complex extensions F^ n and F Wn , corresponding to 
the completions F Wn and at the infinite places u n and tu n , are characterized 
by extension degrees: 

[F Un :k] = [F 13n :k] = (* + nN) m n , 

where m n is the multiplicity of the n-th real extension F Vn and Fy n covering its 
n-th complex equivalent. 

Let then F Vn mn (resp. F Vn ^ mn ) denote a left (resp. right) pseudoramified real ex- 
tension equivalent to F Vn (resp. F Vn ). 

The corresponding pseudounramified real extensions F™ r and F£ r are charac- 
terized by their global residue degree (case N — 1 ): 

fv n = \F:: mn --k}=3 and fa = : k] = j . 

e) If the orders of the Galois sub(semi)groups correspond to the class zero of the integers 
modulo iV , then these Galois sub(semi)groups Gal(F„ n /A;) (resp. Ga\(F Vn /k) ) are 
global Weil sub(semi)groups of extensions F Vn (resp. F 1]n ) constructed from n 
algebraic quanta. 

By an isomorphism of compactification, these n noncompact algebraic 
quanta of F Vn (resp. F^ n ) are sent into the corresponding compactified 
n transcendental compact quanta F Vn (resp. F^ n ). 

As in the Galois case, there is a one-to-one correspondence between all transcendence 
extension subfields: 

F V1 C • • • C F Vn ■ ■ ■ C F vt (resp. ^C-CF^-C^) 
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and the set of all (normal) sub(semi)groups of these: 

Aut fc (F wl ) D • • • D Aut fc (F Wn ) D • • • D Aut fe (Fj 
(resp. Aut fc (F Ul ) D • • • D Aut fc (i^J D • • • D Aut fc (F« t ) ) 

taking into account that Gal(F„ n /A;) ~ Aut k (F Vn ) (resp. Gal(i^j/ fe ) ~ Aut k (F Vn ) ). 



2.2 Abstract bisemivarieties 

a) Let 

GL k (F ¥ x F„) = T*(F V ) x T fe (F„) 

be the algebraic bilinear semigroup of matrices over the product of sets F v = 
{F V1 , . . . , F Vn , . . . , F vt } and F w = {F Vl , . . . , Fy n , . . . , F Vt } of pseudoramified algebraic 
extensions in such a way that its representation bisemispace is given by the tensor 
product M Vr ®M Vl of a right T^(F ¥ ) -semimodule M VR by a left T k (F v ) -semimodule 
M VL . 

Considering the monomorphism: 

a VR xa VL : WfxWf — ► GL k (F w x F v ) 

from the product of the global Weil semigroup W~_ x W~ b into GL fc (F F x F v ) and 
the isomorphism: 

Wf x Wf ^ Aut k (F ¥ ) x Autfc(F„) 

of (Wf x W~ b ) with respect to the product Aut fc (F F ) x Aut fe (F„) of the automor- 
phisms (semi)groups of the sets F„ and F v of increasing transcendental extensions, 
we have the commutative diagram: 

Wf x Wf ■ G {k \Fjj x F v ) 



I 



<J VR X (T VL 



I 



Aut fc (F ? ) x Aut fc (F w ) * G {k \Fv x F v ) 

where G^(F ¥ x F„) ee ® M„ L and G( k \F ¥ x F„) is an abstract bisemivariety 
covered by the affine bisemigroup G^(F^ x F v ) . 

b) Let G( k \F£ r x F™ r ) be the abstract bisemivariety of dimension k over the 
product (F" r x of the sets F" r = {F™\ . . . , F™;} and = {F£, F£} 

of increasing pseudounramified (case N = 1 ) extensions. 
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Then, the kernel Ker(G} ? l iii? „r) of the map: 

G^\ Fnr : G( k \F v xF v ) — ► G {k \F™xF: r ) 

is the minimal (unitary) bilinear parabolic subsemigroup P( k \F v i x F v i) over the 
product of the sets F ¥ i = {F^i, . . . , F^i , . . . } and F v i =}F v i, . . . , F v i , . . . } of unitary 
Archimedean pseudoramified completions. 

Fy x F v ) acts on the unitary bilinear parabolic subsemigroup P ( - k \F 1J i x F v i) 
by conjugation [Pie5]. 

c) At every infinite Archimedean biplace (v n x v n ) corresponds a conjugacy class 
cg( k ^ L [n] of the abstract bisemivariety G^^F^ x F v ) whose number of rep- 
resentatives corresponds to the number of equivalent transcendental extensions of 
Fjj x F v . 

<->n Un 

The n-th conjugacy class representative j^' [n] is defined over n tran- 
scendental biquanta (a biquantum being the product of a right quantum 

by its symmetric left equivalent) in such a way that the number of biquanta in 

(*0 r 1 • 
9vR XL [n\ is 

d) Let G( k \FjjX F^) denote the complex abstract bisemivariety which is a GLfc/ 2 (F^x 
F u ) -bisemimodule M UJR ® M UL and the representation space of the bilinear semi- 
group of matrices GL fe / 2 (-Fjj x F u ) over the product F^ x F u of sets of complex 
pseudoramified increasing transcendental extensions. 

Assume that each conjugacy class representative 9^ xL [ n ] of G^^F^xFj) 
is unique and can be covered by m n real conjugacy class representatives 
{gW)[n, m n ]} of G^(F ¥ x F v ) , 1 < n < t < oo . 

So, the complex bipoints of G k (F u x Fj) are in one-to-one correspondence with the 
real bipoints of G k (F 1J x F v ) and we have the inclusion: 

G^XFv x F V )/G^ 2 \F V x F v ) G {k) {F m x F u ) . 

2.3 Cuspidal representation of complex (algebraic) bilinear semi- 
groups 

a) Providing a cuspidal representation of the complex abstract bisemivari- 
ety G( k \F^ X Fj) consists in finding a cusp biform of dimension k on 
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G^ k \Fzj x FJ) by summing the cuspidal subrepresentations of its conju- 
gacy class representatives [Pie2]. 

Let then 

7H n : F^^Fl (resp. 7*. : — ► Fjj , Vn, 

be the toroidal isomorphism mapping each left (resp. right) complex transcen- 
dental extension F Un (resp. F Wn ) into its toroidal equivalent Fj n (resp. F^ n ) 
which is a complex one-dimensional semitorus localized in the upper (resp. lower) 
half space. 

b) Each left (resp. right) function on the conjugacy class representative 
g^[n] E T( fc )(Fj) C G^(F^ X Fj) (resp. g™[n] G T<*>(i£) ) is a func- 

tion (resp. cofunction) 0i(T^[n]) (resp. 0i?(2/?M)), j'tH = 7|y , on the 
even fc -dimensional real semitorus T^[n] (resp. T^[n] ) having the analytic 
development: 

MTlM) = X(k, n) e 2mnz »* (resp. fo(T*[n]) = A*(fc, ra) e 2 ™*™ ) 

where: 

• zatai = z$ + z$ H h z$ (resp. z^ fc = z*^ + ^ (2) H h ) is a complex 

(resp. conjugate complex) point of order (k x N) according to proposition 1.14; 

• X(k,n) x X*(k,n) is the product of the eigenvalues of the n-th coset represen- 
tative of the product, right by left, of Hecke operators [Pie2]. 

c) This left (resp. right) function <p L {T^[n\) (resp. (p R (T^[n]) ) constitutes 
the cuspidal representation T^ n \g^l[n]) (resp. Tl^ n \g^l[n])) of the n-th 
conjugacy class representative of G( k \F w ) (resp. G( k \F&) ) in such a way that 
the cusp biform of GL k / 2 (Fu X D FJ) is given by the Fourier biseries: 

n(GL fe/2 (F^ x D F u ) = © nW^Jn]) 

n=l 



= (zX*(k,n) e 2mnz ^ x D (r,X(k,n) e 2mnZN ^ 



where x D is the diagonal product. 
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2.4 Cuspidal representation of real (algebraic) bilinear 
semigroups 

A real cuspidal representation, covering the complex cuspidal representation 
n(GL fe / 2 (-^jX dFJ) , can be obtained for the real diagonal bilinear semigroup G k (F ¥ x dF v ) 
by summing the cuspidal subrepresentations ^ n \gv^ xL [n, m n ]) of its conjugacy class rep- 
resentatives gv k R XL [n, m n ] . 

Every left (resp. right) function on the set of conjugacy class representatives 
{g^[n,m n }} mn (resp. {g^[n, m n ]} mn ) is a function (resp. cofunction) ifj L (T£[n,m n }) 
(resp. ip R (T R [n, m n ]) ) on the k -dimensional real semitorus T£[n,m n ] (resp. T^[n,m n }) 
localized in the upper (resp. lower) half space, covered by m n semitori of dimension k/2 
and having the analytic development: 

MTL[n,m n ]) = £ X(k/2,n,m n ) e 2mn - x ^ 

(resp. ilj R (T^[n,m n }) = £ X*(k/2,n,m n ) e - 2 ™-n^/2 ) 
where x Nk is a real point of order N x (k/2) . 

The real cuspidal representation Il(GL fc (i ? V Xd F v ) is then given by the k- 
dimensional global elliptic Il(GL fc (-FV X d F v ) -bisemimodule 

ELUP RxL (k,n,m n ) = £ £ (\*(k/2,n,m n ) e" 2 ™™^^ x D (A(/c/2, n, m n ) e 2 ™™«^/2 , 

covering the k -dimensional cusp biform U(G~L k / 2 (F Z j x d Fj)) in the sense that 
ELUP RxL {k,n,m n ) ^ n(GL fc/2 (F^ x D F u )) . 

2.5 (Bi)functor FLGC of the Langlands global correspondence(s) 

Let CABG denote the bisemigroup category of algebraic bilinear semigroups 
GL k/2 (Fy x F u ) given by 

a) the algebraic bilinear semigroups GL fc / 2 (-^zj x F u ) , the geometric dimension k vary- 
ing; 

b) the (bi)morphisms of projection 

Hom(GL fe/2 (^xF w ),GL V2 (^x J Fj) , k > h , 

sending GL fe / 2 (F^ x Fj) into the algebraic bilinear semigroup GL^/ 2 (F^ x F u ) . 
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Similarly, let CBCF denote the bisemigroup category of (complex) cuspidal rep- 
resentations n(GLfc/ 2 (-Fo7 X Fu)) of the algebraic bilinear semigroup GL k / 2 (Fuj x F w ) 
whose (bi)morphisms of projection are: 

Horn (u(GL k / 2 (F U j x F u )), n(GL ft/2 (F 5 , x F w )) . 

Then, there exists a covariant (bi) functor FLGC associated with the Langlands 
global correspondences [Pie2]: 

FLGC : CABG — > CBCF 

GL jfe/2 (F^ x F w ) — > n(GL fc/2 (F^ x F w ) 

FLGC(Phom fc _> h ) : n(GL fc/2 (^ x F w )) — ► n(GL ft/2 (F E7 x F w )) 

which is a (bi) function assigning: 

a) to each algebraic bilinear semigroup GL fc / 2 (FjjX F u ) G CABG its cuspidal represen- 
tation n(GL fc/2 (F IJ x F w )) G CBCF; 

b) to each morphism Phomj^^ : GL fe / 2 (F^ x F w ) — >■ GL h / 2 (Fjj x F w ) a morphism 
FLGC(PhomS) : n(GL fe/2 (i^ x F u )) -> n(GL ft/2 (F E7 x F w )) . 

2.6 Hecke eigenbivalues as Galois representation 

Consider now the two-dimensional case GL 2 (-F^ X F v ) . 

The ring of the endomorphisms of the GL 2 (i 7 V X F v ) -bisemimodule (M VR (g) 

M VL ) , decomposing it into the set of subbisemimodules {Mp- n m ^ ® Mp Vn mn } n ,m n or con- 
jugacy class representatives {gv 2 R XL [n}} n ^ mn (see section 2.2), according to the (Z/NZ?) 2 - 
bisemilattices (A^ m <g) A^ mn ) [Piel], is generated over {Z,/NZ) 2 by the prod- 
uct (T nR (g) T nL ) of Hecke operators T„ fl over T nL for ra { N and by the product 
(U nR x C/ ni ) of Hecke operators U nR and C/ ni for n | N : it is noted Th(N)r®Th(N)l 
(weight two case). 

The coset representative of U nL (resp. U nR ), referring to the upper (resp. lower) half 
plane, can be chosen to be upper (resp. lower) triangular and given by the integral matrix 
(l b n N N ) (resp. {binl)) of the congruence subgroup T L ( N) (resp. T R (N) ) in GL 2 (^) 
in such a way that: 

• tin = * + n N where is the number of transcendental subfields in the n-th 
conjugacy class representative g^l™] ! 
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• bjy = * + b ■ N refers to a phase shift; 

where * denotes an integer inferior to N . 

The coset representative of (U nR x U nL ) will be given by 



U nR X U nL 



( \ 



1 b 



N 



i o 



yb N 1 J 



( \ 



n 2 



N 



where (J Y) {b N ?) is an element of the nilpotent group of matrices u 2 (b N ) ■u 2 {bN) t and 
of the unimodular decomposition group D n 2 acting on the split Cartan subgroup element 



a n 2 



i o 

0n% 



(U nR x U nL ) then factorizes according to the bilinear Gauss decomposition into nilpotent 
and diagonal parts [Piel]. 

Let X 2 + (n 2 N ,b 2 N ) and X 2 _(n 2 N ,b 2 N ) be the eigenvalues of (D^.^ X a n ^) = 
GL 2 (T h (N) r <S)Th(N) l ) corresponding to the irreducible semisimple (pseudo)- 
ramified representation: 



Gal(F^/fc) x G a l(F Vn /k) 



— >■ GL 2 (T H (AT) K ) (g) (JV) £ ) 
associated with a weight two cusp form in such a way that A+ and A 2 , verify [Piel]: 

trace p A | = 1 + b 2 N + n 2 N , 

detp A | = A+(n^,6^) x A^(n^,6^) = n 2 N . 
Indeed, the eigenvalues A 2 are: 



(l + 6?, + 0±[(l + ^ + 0-4<]V 2 



and the characteristic polynomial of p X 2 has the form: 

X 2 — trace p\2 ±x + det p A 2 = . 
All that can be summarized in the commutative diagram: 

Gsl(F v /k) x Gsl(F v /k) - GL 2 (F ¥ x F v ) 



GL 2 (T H (N) R <g> T H (iV) L ) * GL 2 (F+ x F+)/ GL 2 (^/iV^) 2 ) 



Note that, in the weight k case, the Cartan subgroup element a n 



given by a n 2 



N,k 



I d^J 



1 

nl 



is then 



where n 



N,k 



2fc-2 



e 2 (<i) denotes the number of 



transcendental quanta, i.e. ((k/2) x n) 2 referring to sections 1.8 and 2.2. 
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2.7 Two-dimensional cusp biforms and global elliptic bisemi- 
modules 

The k -dimensional bilinear cuspidal representation n(GLfc/ 2 (F^ X(d) F u ) of the complex 
bilinear semigroup Gh k / 2 {F u x fl F w ) is a k -dimensional cusp biform whose Fourier biseries 
are given by: 



II(GL fc/2 (F CT x (JJ) F w ) = (EA*(M) e 2 ™^ x D (x\(k, 



\ e 2mnz Nk \ 



according to section 2.3. 
The corresponding 2 -dimensional ("Weil") cusp biform of weight k can be 
reached by considering the projective (bi)map: 

CP (feH(2) : U(GL k/2 (F u x D F u ) — ► {uj) fk(z* N ) x D H fk(z N ) , 

introduced in proposition 1.14, 
where {w) f k (z* N ) x D {w) f k {z N ) are given by 



where: 



(u) fk(z* N ) x D ^f k (z N ) = (s A*(2,n) e 2 ™^ x D (z\ k (2,n) e 2 ™^ 



• \ k (2,n) = [A 2 ± (nfv, 6 2 v )] 1 ^ 2 is the product of the radii of two orthogonal circles at 
(k/2) x n transcendental quanta referring to proposition 1.9 and section 2.6; 

• Zn is a complex point of order (N x k) written now z^_ k • 

Similarly, the real A; -dimensional bilinear cuspidal representation n(GLfc(F^ x^o) F v )) of 
the bilinear semigroup GL fc (F<j X( B ) F v ) is a A; -dimensional elliptic Il(GL fc (F F xp) -F„))- 
bisemimodule: 

ELLIP fixL (/c, n, m„) = £ £ (A*(fc/2, n, m„) e" 2 ™" 1 "^/ 2 x D (X(k/2,n,m n ) e 2 ™"*"^/ 2 
which is a real analytic k -dimensional cusp biform. 

The corresponding 2 -dimensional global elliptic bisemimodule of weight k will 
be reached by the projective (bi)map: 

CPf^y. ELL1P RxL {k,n,m n ) — > ELLIP W (2, n, m n ) 

where: 

ELLIP feflxi (2,n,m„) 

= £ £(AL 2 (l,n,m n ) e -^in mn x N - k/2 x D X k/2 (l,n,m n ) e 27ri "™«^-*/ 2 ) 

with: 
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• Afc , 2 (1, n, m n ) being eigenvalues of the coset representative (U nRk x U nLk ) of the prod- 
uct of Hecke operators where n 2 N . k , denoting the number of transcendental quanta, 
is now written according to: 

2 / .2 2 _ 2fc-2 9/ 2fc-2\ 

n N;k/ a — a N;k ~ a N t \ a N ) 

referring to section 2.6. 

So, Afe/2(1, n,m n ) corresponds to the radius of a semicircle equal to the respective 
coefficient \(k/2,n,m n ) of ELLIP L (k,n,m n ) by considering proposition 1.14. 

• xn being a real point of order (N x k/2) written now xn-u/2 ■ 
2.8 Proposition 

The 2 -dimensional elliptic bisemimodule ELLIP fcHxi (2, n, m n ) of weight k, 

which is a real analytic cusp biform, covers the corresponding cusp biform 
{u}) fk(z* N _ k ) X < w >/ fc (zjv-fc) according to: 

ELUP kRxL (2,n,m n ) A {u)) f k (z* N _ k ) x D ^ f k (z N _ k ) 

in the sense that: 

a) every 2 -dimensional semitorus 

Tl[n] = A fc (2,n) e 27rinZN ~ k (resp. T*[n] = A*(2,n) e 2 ™~-* ) 

of class "n" of {ui) f k {z N _ k ) (resp. {ui) fk{z* N _ k ) ) is covered by ra n = 
£ d • iV • nu semicircles 

d|n 

Ti[n,m n ] = \ k/2 (l,n,m n ) e 2 ™™" x "-*/* 

(resp. [n, m n ] = A* /2 (l, n, m n ) e " 2 ™"— _ fe/2 ) 

at (| X a N . k ) transcendental quanta of ELLIP fci (2, n, m n ) (resp. 
ELLIPfc JJ (2, n, m n ) ) localized in the upper (resp. lower) half plane, where nu is 
the number of nonunits of Galois extensions; 

b) the parameter b N of the nilpotent group of matrices u 2 (b N ) • u 2 (b N y is 
a "phase shift" in the first dimension of the considered (ZZ/NZZ) 2 -bisemilattice. 

When this phase shift "bjy " increases, the difference between the two eigenvalues 
Afc/2 + (1, n, trin) and Afc/ 2 _(1, n, m n ) of {U nRk x ^n L( .) also increases but verifies 
X 2 k/2+ (l,n,m n ) x A 2 /2 _(l,n,m n ) = n 2 N . k . 
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Proof: 



a) As the ra-th semitorus T 2 L \n\ = A fc (2,n) e 27TinZN - k of the cusp form {u)) f k {z N -k) is 
generated by the product of two orthogonal semicircles at (k/2 x n) transcendental 
quanta whose product of radii is Afc/ 2 (2,n) which is an eigenvalue of (U nRk x U nLk ) 
with a n 2 — ( J n 2 j and n^ ;A , = £ a 2 ^ • c? 2 ^" 2 e 2 (^) , we have that the number "m n " 

of semicircles Tl[n,m n ] = Afc/ 2 (1, n, m n ) e 2mrimnXN - k / 2 covering T|[n[ is the integer 
dN-nu = X d( k ~^ ■ N ■ nu since, in this real case, a 2 N . k = a 2 ^~ 2 ■ e 2 (a 2 ^~ 2 ) . 

d\n 

b) It is easy to calculate that when the phase shift = b- N increases, | Afc/ 2+ (l, n, b^) 
— Afc/2_(1, n, 6jv) | also increases, reflecting a deformation of one radius Afc/ 2+ (l, n, b^) 
with respect to the order A&/2_ (1, n, 6^) . ■ 



2.9 Proposition (Local curvature of a torus) 

Let 

{Tl(n,m n ) = \ k/2 (l,n,m n ) e ^n^^_ t/2} cWn« 

be the set of semicircles covering the n -th two-dimensional semitorus T 2 \n] E ^ fk(zN-k) ■ 
Then, the increase of the length of the semicircles with respect to m n depends 
on the twisting of "opposite" semicircles in function of their curvature leading 
to degenerate singularities of fold type (or possible of cusp type) on them. 
The blowups of the versal deformations of these singularities in codimension 1 
and 2 are then sent on opposite semicircles increasing then their lengths. 

Proof: Assume that the semitorus T 2 [n\ is generated from a cylinder covered by d-N-nu 

line segments having the same length, i.e. by "d" transcendental quanta. 

Then, by bending this cylinder in order to get a semitorus, degenerate singularities of fold 

type are generated on the most bent line segments. 

Let f(x) = x 3 be one of these fold singularities. 

Its versal unfolding in codimension 1 is 

F(x, ai) = x 3 + ai x 1 . 

Possible degenerate singularities of cusp type f(x) = x 4 can be generated of which versal 
unfolding in codimension 2 are 

F(x, ai, a 2 ) = x 4 + ai x 1 + a 2 x 2 . 
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Blowups of these versal deformations, consisting in the extensions of their quotient algebras, 
are introduced in [Pie 7]. They are smooth endomorphisms based on Galois antiautomor- 
phisms disconnecting the monomials x l G F(x,di) and x x ,x 2 G F(x,a 1 ,a 2 ) which are 
then sent on the opposite least bent line segments. ■ 

This dynamical process is then responsible for the transition from the global 
euclidean geometry of the semitorus to local hyperbolic and spherical geome- 
tries [Piel2]. 

2.10 Proposition 

1) Let 

T^ n (H) = T 2 (IR)/T 2 (Z,NZ) 
be the set of IR 2 J (Z/N Z) 2 -sublattices of the Poincare upper half plane H . 

(2) (2) 

Let g z [n] denote the n-th coset representative of T Z ^{H) whose fundamental do- 
main is D 2 N k with respect to the sublattices A^[n] . 

Let fk(zN-k) be a cusp form of weight k and level N which is: 

a) invariant under a congruence subgroup T(N) of SL 2 (Z) ; 

oo 

b) periodic and expanded in Fourier series fk(zN~k) = X c„ fc q^_ k ; 

n=0 

c) eigenf unction of Hecke operators Tk(n; N) acting on the function Fk(T^ (H)) 

(2) 

on T Z ^(H) according to a complete set of upper triangular coset representatives 
of T(N) . 

2) Let 

(T 1 (F w )=T 1 (F l )/t 1 (Z/NZ)) ~ (T 2 (F v )=T 2 (F+)/t 2 (Z/NZ)) 

be the set of F^/^Z/NZ) 2 ~ (F v ) /(Z/NZ) 2 -(sub) lattices of Galois on the 
Poincare upper half plane H . 

Let Dp^ N . k (resp. N . k ) be the fundamental unitary domain of the n-th con- 

jugacy class representative g^l[n] G Ti{Fj) (resp. g$\n\ G T 2 (F V ) ) with respect to 
the (Z/NZ) 2 -sub(semi)lattice AgJ (resp. A$ ). 

Let ^ fk( z N-k) be a "Weil" cusp form of weight k and level N on Ti(F u ) or on 
T 2 (F V ) which is: 

a) invariant under a suitable congruence subgroup T(N) ; 
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b) periodic and expanded in Fourier series ^ fk(zN-k) = SAfc(2,n) e 2mnz N-k ■ 

n 

c) eigenfunction of the Hecke operator Tn-k(N) according to section 2.6. 

(2} (2) 

If the Weil unitary fundamental domain D F . N . k (covered by D F . N . k ) cov- 
ers the fundamental classical domain k , then the Weil cusp form 

^ fk(zN-k) of weight k and level N can be identified with the classical 
cusp form fk(zN-k) of weight k and level N in such a way that: 

the weight k referring to a geometric dimension while the level N is an algebraic 
dimension related to the degree of extension of transcendental quanta: this constitutes 
the main objective of the Langlands program. 



Proof: As the cusp form fk{zN~k) of weight k originates from a A; -dimensional cusp 
form (fi( k \zN k ) according to proposition 1.14, the two-dimensional fundamental domain 

(2) 

D n N-k °f we ight k is given by: 



D {2) _ ( D (2) \ 
^nN-k ~ \ LJ nN;k=2 J 



k/2 



(2) 

where D n ^. k=2 is the corresponding two-dimensional fundamental domain of weight 2 
expanded by a power k/2 . 

(2) 

Similarly, let D F ^ . N . k=2 be the two-dimensional Weil unitary fundamental domain of 
weight 2 : its surface S(D^ , N . k ) is the square of the one transcendental quantum of level 

N; 

s(<U*= 2 ) = N " x (^) 2 

where nu is the number of nonunits. 

(2) 

So, the two-dimensional unitary domain D F ^ . N . k of weight k is: 



D Z;N-,k = (s(DZ;N;k^)) k/2 = (N 2 x {nuf) 
Now, assume by hypothesis that: 

Fu> n ;N;k ~ ^oj n ;N;k " 

By periodicity of cusp forms, the fundamental unitary domains are the same in all coset 
representatives of T^(H) which is covered by Ti(F w ) ~ T 2 (F V ) . 



k/2 
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The unitary fundamental classical (resp. Galois or Weil) domain(s) D n ^. k (resp. 

(2) 

D F ^ . N . k ) generate(s), under the action of the Hecke operator having a representation 
in the upper triangular group of matrices T 2 (ZZ/NZ)) (or T(N) ), the classes of automor- 
phisms in T 2 (IR) (resp. Ti(F u ) or in T 2 (F V ) ) according to the (/Z/N/Z) 2 -sublattices in 
the Poincare upper half plane H . 

As the (Z/N2Z) 2 -lattice is the same in the classical and Weil (or Galois) case, the classical 
and Galois two-dimensional cusp forms of weight k and level iV correspond, and, thus, 
we have: 

{U) fk{zN-k) ~ fk{z N ~k) ■ ■ 
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3 Zeta functions, Theta series, weak Maass forms, 
Mock Theta functions and the Tau function 



This chapter will be devoted to a generalization of classical (or Weil) cusp forms in order 
to take into account Maass forms and Mock modular forms. 
But, first, the generation of 

a) L -series from cusp forms [Heel] by a globally nonperiodic transform map, 

b) theta series from modular forms with integer weights 
will be introduced. 

3.1 Proposition (L-functions as nonperiodic transforms of cusp 
forms) 

Let 

oo oo . 

fk(zN-k) = S c nk q n N _ k (resp. f k (z* N _ k ) = £ c* nk q* N n _ k ), q n N _ k = e 2 ™ -* , 

n=l n=l 

be a left (resp. right dual) cusp form of weight k and level N as developed in sections 1.11 

to 1.14 and 2.6 to 2.8. 

Let 

s + = a + ir (resp. s_ = a — it ) 

be a complex variable conjugate to z = x + iy (resp. z* = x — iy ). 
Then, there exists a linear continuous map (Mellin transform): 

$l : fk(z N -k) — > L(fk, s N -k+) (resp. $ R : f k (z* N _ k ) — ► L(/£, s N ^ k _) ) 

in such a way that the X-function L(f k , s N _ k+ ) (resp. L(f£, s N _ k _)) be the 
nonperiodic transform of f k {z N _ k ) (resp. f*(z N _ k ) ) given by: 

L(f k , s N -k + ) 



(resp. L(f£,s N ^ k _) 



= E / fT\^-k) e- 2 ™ z »-* ■ n- s »~ k + dz N „ k 

n=l J 

oo 

= E c nk n SN -"+ 

n=l 

= E / fi n \z%_ k ) e -^ N _ k , n -s N _ k _ dzN _ k 

n=l J 

oo 

= E c* n- SN - k - ) 

n=l fc 
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and corresponding to the Mellin transform 

dzN-k 



POO 

L(f k ,s N - k+ ) = (2uy^ r^)- 1 / (- 

Jo 



i z N - k ) s+ f k (z N - 



k 



ZN-k 



where: 

r(n) 



fk ( Z N-k) — c nk Q.N-k ~ C nk e 2mnZN k 



N-k 



(resp. ft\z* N _ k ) =c* nk q™_ k = c* nk e^ 

is the n-th term of f k {z N -k) (resp. f k (z* N _ k ) ); 

• ZN-k (resp. z* N _ k ) is a point of order (N x k) conjugate to the point SN^ k+ (resp. 
SN-k- ) °f order (N x k) . 

Proof: Referring to the literature of L -functions, we must admit that s + (resp. s_ ) is 
conjugate to z (resp. z* ) in the sense that s + m - (resp. s_ ~ ^ ) is a complex inverse 
space variable restricted to the upper (resp. lower) half plane. 

SN_ k+ (resp. Sat_a;_ ) is a complex point of order (N x k) , usually called period (N x k) . 
(pL (resp. 4>r ) is the nonperiodic equivalent of the Fourier transform. Indeed, if 4>l (resp. 
<p R ) was globally periodic, L(f k , s N - k+ ) (resp. L(f k , s N - k _) ) would be given by: 



71=1 J 



L(f k ,s N ^ k+ ) = E / ft\z N -k) e- 2mnz "- k dz N ^ k = Zc nk 



(resp. L(f*,s N _ k _) = E / /£° e~ 2 ™^ d^_ fc = Ec* J; ) . 

n=l J ra 

The factor n _Sjv_fc + (resp. n~ SN ~ k - ) is thus responsible for the global nonpe- 
riodicity of (p L (resp. (p R ) which can be analyzed by the Poisson formula [E-K]. 
f k (z N ) is a periodic function of period T = D^ k (resp. T N = D^ Nk ), being a unitary 
fundamental domain according to section 1.3 and proposition 1.15, which can be expressed 
generally as [Rod]: 

oo 

fk(zN-k) = fk(zN-k) * £ S(z N - k - nNkT) 

n=l 

= E f k (z N - k - nNkT) , 

n 

the period T being explicitly written. 
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Its Fourier transform is: 

1 T , s J nNk\ 1 ?fnNk\f nNk\ 

v N -k having the "periodic" variable conjugate to z^-k , i- e - a series of Dirac equidistant 
distributions with interval ^ . 

By taking into account the inverse Fourier transform, we get: 

E f k (z N - nNkT) = _ E / fc ( _ e 2 ™ 2 — . 

n 1 n \ 1 J 

That can be summarized by the Fourier transform 

FT ' / TlNk 

E 5 (zjv-fc - nNkT) — ► E 5 (Tz/ W _ fc - niV/c) ~ — E I i/jv_ fc - -^=- 

n n 1 n \ 1 

of Dirac distributions which is periodic [Rod] while the nonperiodic transform <3> £ would 
lead to: 

E 5 (i^jv-fc - nNkT) yj __ /? / s ^_ fe+ _ __ j 

sw-fc + — j would be the nonperiodic equivalent of the Dirac distribution 
. / nNk\ 

s \v N -k - ~y~ j ■ 

The nonperiodicity of <& L (resp. &r) can then be evaluated from the map 
of the unique period T of fk(zN-k) (resp. fk(z^_ k )), or more exactly T N 
associated with one space quantum, to the set {l/T< n > }^° =1 of inverse periods, 

i.e. unit periods, or more exactly (l/T^_ k \ associated with the energies 

I J n=l 

of one space quantum on the different packets "n" [Pie8]. ■ 



3.2 Corollary 

If k = 2 and N = 1 (pseudounramified case), let the weight 2 cusp biform f2(z^ =1 ) ®d 
f2(zN=i) be reduced to the double global elliptic bisemimodule 

ELLIP i?xL (l,n) = E (2A nr (l,n) e~ 2mnx ® D 2A nr (l,n) e 2mnx ) 

n 

where, according to sections 2.7 and [Pielj: 

X nr (l,n) =4n 2 , xelR. 

Then, the nonperiodic map 

<&r®d®l- ELLIP flxL (l,ra) — > (r(s-) ®d (l(s + ) 
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sends the global elliptic bisemimodule ELLIP# x l(1, n) into the (diagonal) product Cr( s -) 
®d (l(s+) of the classical zeta functions: 

Cr( s -) — E n~ s ~ , s_ = a — ir , and Cl( s +) — E n~ s+ , s + = a + ir . 

n n 

The nonperiodicity of (resp. <fr# ) can then be evaluated from the Gaussian 
distribution of the consecutive spacings 8^f n = 7 n +i — 7™ between the nontrivial 
zeros of Cr(s-) , Cl(s+) and C(s) . 

Proof: Referring to [Pie8], the kernel Ker[<£>^ ® D $ L ] of ($,r <8>d ^l) maps the product, 
right by left, of degeneracies of (2A" r (l,n) e - 27rinx ® D 2A nr (l,n) e 27rinx ) into the product 
11 An 2 " of the trivial zeros of Cr( s -) an d Cl( s +) • And, these products of trivial zeros are 
mapped into the products of the corresponding pairs of nontrivial zeros under the action 
of D An 2.j2 e 4ri 2 which is a coset representative of the Lie bisemialgebra of the decompo- 
sition (bisemi)group restricted to An 2 : this corresponds to the solution of the Riemann 
hypothesis [Piel]. 

So, the consecutive spacings £7™ = j n +i — In between the nontrivial zeros of 
C(s) are the energies of one free transcendental quantum in subsemilattices of 
(n + 1) quanta as proved in [Pie8]. 

As the energies £7™ vary from one level "n" to another, for example "n + jf" 
the zeta functions C R (s_) and C R (s + ) are non periodic, which is also the case for 
the map ®d $l . ■ 



3.3 Theta series 



Let Q(r) = (n,n) = E Sain n 2 be a ^-valued positive definite quadratic form on Zfr 

i=l n 

reduced to its diagonal form which is always possible. 

As envisaged classically [Ser], the diagonal terms a«„ of the matrix A of rank (t x k) , 
1 < n < t < 00 , 1 < % < k , are equal to 1 and the G 2Z are the generators of 

(2) 

^-subsemilattices {Ay[n]} in the Poincare upper half plane. 

From the quadratic form Q(n) , we introduce the theta series ©(2/v-fc) by: 



9(z N ) = E E(q N ) 1 1 , 1 < n < t , 1 < % < k , 



= E E e \' / , z N being a point of period N , 



= E e 27riri ZN ~ k , zat-a; being a point of period (N x k) , 
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or, more generally as suggested by D. Zagier in [Zag]: 

® a ,b{ z N-k) = E e im{n+a)2zN - k E e 27Tib{n ' +a2) , a,b e . 

n+a i=l 

3.4 Theta series as real analytic modular forms 

Let Q n 2 k/2( z N-k) = S^nfc/2 e 2mn,2zN - k be a theta series introduced from the quadratic form 

n 

Q(n)= £ £a«n 2 . 

i=l n 

Then, O n 2 k/2(zN-k) is « r ea/ analytic form of weight k/2, in one-to-one correspondence 
with the weight k modular form fk(zN~k) = E c nk q^-k ■ 

n 

Proof: Let 

CO 

fk(zN-k) = S c nk q%_ k 

n=l 

be a (left) cusp form of weight k and level N such that, in q^-k — e 2mZN ~ k , z^^k is a 
point of order (N x fc) according to proposition 1.15. 

Assume that the theta series 9 n 2 k/2(zN-k) originates from the cusp form fk(zN-k) by the 
map: 

fQkN '■ fk{zN-k) > © n 2 k/2 (.ZN—k) 

in such a way that the two-dimensional semitori c nk q^-k ' °^ which generators 
are two semicircles at n transcendental quanta (see proposition 1.9), are sent 
into semicircles d nk / 2 e 2mn2xM - h / 2 at n 2 transcendental quanta by the bijective 
maps: 

T-c nk : c nk e 2 * inz »-* — > d nk/2 e 2 ™ 2 ^-^ , V n , 

at the condition that the complex point of order (k x iV) be sent into the 

(k \ 

real point x N _ k / 2 of order I — x N j , i.e. that, in z N _ k = x N - k / 2 + iyN-k/2 ? 
iyN-k/2 — > which is suggested in [D-S]. 

As fk(zN-k) is a modular form of weight k , generated from the /c -dimensional geomet- 
ric cusp form Tl(GL k / 2 (F w )) according to sections 2.7 and 2.3, and as the theta series 
Qn 2 k/2( z N-k) results from ^(-^Af-fc) by the isomorphic maps {T — c n k} n stretching two- 
dimensional semitori into semicircles, On 2 k/2( z N-k) is a modular form of weight k/2 since 
the maps T — c nk divide the geometric dimension by two. ■ 
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3.5 Proposition 

Let fk(zN-k) — Sc n fe q^_ k be a cusp form of weight k and level N . 

n 

Let 

Q n >k/2(zN-k/2) = Xd nk/2 e 2mn2z "-^ 

n 

be a theta series generated from fk(zN-k) by the bijective maps {T — c nk } n 
Let 

ELLIP fc/2 (2,n,m„) =ES X k/2 (l,n,m n ) e 2 ~»^-^ 

n m n 

be the global elliptic semimodule covering the cusp form fk(zN-k) ■ 
Then, we have the following commutative diagram: 

fEL kN 

fk(zN-k) " ELLIP fc/2 (2, n, m n ) 




1-1 ^^6EL feJ , 
®n 2 k/2{ z N-k/2) 

in such a way that 0EL fcAr = f®kN ° /EL^ be a bijective map. 

Proof: The map 

6EL fcA r : O n ^k/2(zN-k/2) — > ELLIP fe/2 (2, n,m n ) 

sends semicircles of O n 2 fc/2 (-2^-^/2) at (| x n) 2 transcendental quanta into semicircles of 
ELLIPfc/ 2 (2, n, m n ) at (n x |) transcendental quanta. 

As fEL kN and f® k N are bijective maps, QEL kN is clearly bijective, reorganizing the 
transcendental quanta of the theta series Qn 2 k/2( z N-k/2) according to the underlying 
i^/iV^-subsemilattices of < S) n 2 k/2(zN-k/2) and ELLIP fe / 2 (2, n, m n ) : 



6EL fcJV 

®n 2 k/2{z N - k / 2 ) " ELLIP fc/2 (2, n, m n ) 



3.6 Locally compact global elliptic semimodule 

Assume that the compact two-dimensional global elliptic semimodule ELLIPi L (2, n, m n ) 
of weight 1 and level N covering the weight 2 cusp form / 2 (2:^-2) is transformed by the 
map: 

C-Lc ELL2 : ELLIP U (2, n,m n ) — >• ELLIPf ra, m n ) 
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into the locally compact one-dimensional global elliptic semimodule ELLIP^ (1, n, m n ) in 
such a way that the m n - semicircles {Ai L (2, n,m n ) e 2nmrnnXN - 2 } mn Q f ELLIPi L (2, n, m n ) , 
covering compactly the n-th semitorus of f 2 (zN-2) , are no more connected. 
Thus, ELLIPS ic) (l ,n,m n ) becomes one-dimensional and its weight, related to the geo- 
metric dimension, can be considered as being 1 • ELLIPi ic) (l , n, m n ) is then a modular 
form of weight 1 and will be written according to ELLIP^(1, n, m n ) . 
So, we have the commutative diagram: 




©n 2 l/2(^V-l/2) 



3.7 Proposition (The Theta series of weight 1/2) 

e n2l/2 (z iV -i/2) = Edm/2 e 2 ™ 2 ^-v 2 

n 

is generated either from the weight 2 modular form f2(z N _ 2 ) or from the weight 1 real 
analytic modular form ELLIP^(1, n, m n ) . 

Proof: This results directly from the commutative diagram of section 3.6 by taking into 
account that the locally compact modular form of weight 1 : ELLIP^(1, n, m n ) covers 
the weight 2 cusp form f 2(2^-2) ■ ■ 



3.8 Remark (Classical approach of modular forms of weight 1/2 ) 

This way of generating modular forms of weight 1/2 generalizes the classical approach 
of G. Shimura [Shi] and J. P. Serre [Ser] in which it is proved that every modular form of 
weight 1/2 on Ti(A r ) is a linear combination of theta series with characters. 



3.9 Weak Maass forms: a quick review 

Maass forms [Maa] of weight 2 , now called generally weak Maass forms, are functions 
f^f M {z) , on the Poincare upper half plane, equipped with the Riemannian metric ds 2 = 
dx ^ and being modular under the action of SL(2, 2Z) implying that 

fV M (f^) = f^iz) , V (2 2) e SL(2, 2Z) . 
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F^f M {z) has a Fourier series expansion of the form [Boo]: 

fY M {z) = E A(n) y 7 ^ K ir (2irny) cos(2Tmx) , z = x + iy , 



n=l 



where K ir (27my) is the classical Bessel function, and is an eigenfunction of the hyperbolic 
Laplace operator A = y 2 + ^p- j having eigenvalue j + r 2 . 

oo 

The L -function associated with f^ M (z) is the series L(f^ VM ,s)= £ A(n) n~ s converg- 

?i=i 

ing for Re(s) > 1 . 

A weak Maass form of weight k on a subgroup T C r (4) verifies [Onol]: 

/r M (^) = ( 5 ) ^(cz + for A = G T 

where (4) is the extended Legendre symbol 
and has a Fourier expansion of the type: 

ff M {z) = £ 7 (/, n; y) g" n + E o(/, n) g" , 4 = e 2 ™ 2 , 

n=n,Q n=n\ 

where 7(/, are functions in y and a(f,n) are complex numbers. 
00 

£ l{fifi\y) q n refers to the nonholomorphic part of f^ M (z) while 

n=no 
oo 

£ n) qr™ is its holomorphic part. 



As no explicit examples of the Maass forms are known at this day [Boo], a geometric 
interpretation of weak Maass forms will be given to them in terms of modular 
curves. 

A first elementary fundamental remark is that, in the Fourier series expansion f^ M {z) of 
a weak Maass form, the "imaginary" dimension " y " is lowered with respect to 
the dimension " x " in z = x + iy . 

Taking into account that the Fourier series expansion of a modular curve decomposes into 
two-dimensional semitori {T 2 {a nm \ d 2, d)Y n=1 , t < 00 , generated by two orthogonal semi- 
circles referring to propositions 1.9, 1.10 and 2.8, we are led to the following proposition. 

3.10 Proposition (Geometric interpretation of weak Maass forms) 

The series expansion f^ M (z) of a weak Maass form consists of a sum of two- 
dimensional semitori {T^ e£ \S^ X e (-\f n )} t n=1 i t < 00 , with elliptic cross 
sections ei^j. n in such a way that: 

• the elliptic section ei\f n is a bijective deformation of the semicircle S dn generator 
of the n-th semitorus T 2 (a nm \ d 2,d) ~ x S\ n of the modular curve (cusp form); 
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• the equation of the ellipse e£\^ n corresponding to the circle S\ n having radius r s i 
is given by: 

z M i = r s i (f cos 2it(iy) + ie sin 2n(iy)) 
where e and f are the half lengths of the axis of the ellipse eJt\f n ■ 

Proof: As the imaginary dimension "y" is lowered with respect to the dimension u x" , 
the semicircular sections S^ n of the two-dimensional semitori T 2 (a nm \ d 2,d) are 
transformed into semielliptic sections e£ df n according to the bijective map: 

Se: Si — ► ef cfjn: V^f, 

in such a way that: 

1) the length (or area) of Si is equal to the length of eJt\f n ', 

2) the number of transcendental quanta on Si is equal to that on ei\^ n . 

The canonical equation 

f X 2 + e 2 Y 2 = f 2 e 2 

of the ellipse e£\ f n , having the same length as the circle S\ n , is transformed under 
the bijective map "Se" into: 

f 2 r|i cos 2 2niy + e 2 r|i sin 2 2niy = e 2 f 2 

d n d n 

or 

r 2 s i (f 2 cos 2 2-iriy + e 2 sin 2 2niy) = e 2 f 2 



or 



z m\ 1 = r s\ (/ cos 27riy + i e sin 2niy) 



by the change of variables 
where: 



X — r s i cos 2my , 

d- 



Y — r s i sin 2niy , 



• the "imaginary angle" iy refers to a circle localized in a plane orthogonal to the 

circle Si [Pie2]; 

• e and / are the half lengths of the axis of the ellipse ell\^ n . ■ 



47 



3.11 Proposition (Holomorphic and nonholomorphic part of the 
new series expansion of a weak Maass form) 

Let 



f 2 WM ( z ) = S [(rgijf <xx2im(iy) +ieam2im(iy)j) * e 2 ™*) 
= ZT^(Sl,e£l Ln ) 

n 

be the new series expansion of the weak Maass form f^ M (z) of weight 2 . 
If 

n 

where c(n) = r s i X r 5 i . denotes the holomorphic part of the "Fourier" 
series expansion of f^ M (z) in such a way that 

S} mscr = r 5l e 2 ™ (iy) 

On,inSCr S d n ,inscr 

be the equation of the circle inscribed in the elliptic el\f n , 

then, the nonholomorphic part fWM, non hoi^ of the weak Maass form f™ M (z) , 
is given by: 

fr'- h %) = £7?<">(S1„,<,„) - £ (r s ,„ x r sl i _) e™> 
and corresponds to the shadow of f^ M (z) . 

Proof: As the new series expansion of the weak Maass form f^ M (z) is the sum, over 
the integers n G IN, of the products of the equation of the circle S\ n over "x" by the 
equation of the ellipse ei\f n over u i ■ y" , which is a bijection with the equation of the 
circle having as radius r s i , it appears clearly that the holomorphic part f^ VM ' hol (z) of 
fY M {z) must be given by 

fY MM \z) = £r s i e 2mnx x r s i . e 2mn{iy) = Ec(n) e 2ninz 



a n d n ,incr ( , 



where r s i e 2mn{iy) j g ^ e equation of the circle inscribed in the ellipse e^/n- 

So, the nonholomorphic part ^^ M ^ nonhol ^ z ^ Q f jWM^ z ^ w jjj ^ e gj ven by the 

series expansion: 
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rWM,nonhol/ \ 
J2 \ Z ) 

= ST n 2 ^(C-e4J-Sc(n) e 2 — 

n n 

= ^ [^a n X ( e ^e/,n — ^4,mcr)] 
n 

= z{rs L x [(r^/ cos 2niy + iesin2niy)) - (r^ e 2 ™^)]} 

oo 

which clearly corresponds to the nonholomorphic part £ l{f, n ]y) Q~ n of the Fourier 

n=no 

expansion of the weak Maass form f 2 WM (z) as developed in section 3.9. 
This nonholomorphic part j^ M '' non ol {z) ^ then the "shadow" of the weak Maass form 
f 2 WM (z) with respect to its holomorphic part f 2 WM,ho \z) in the sense that the shadow 
introduced for describing the Mock modular forms [Zag] is a unary theta series of weight 
3/2 , i.e. a function of the form £ e(n) n g K ™ 2 with k E Q and e and odd periodic function. 

n 

Taking into account propositions 3.4 and 3.5, it can be shown that fY M,nonho \z) can be 
transformed in such a unary theta series of weight 3/2 . ■ 

3.12 Weak Maass forms of weight k and level N 

Referring to proposition 1.14 and section 2.7, we infer that the weak Maass form 
f 2 WM (z) of weight 2 and level 1 can be extended to the weak Maas form 
f^ M ( z N-k) of weight k and level iV defined by the series: 

Jk {ZN-k) 

= yT 2,(e£)(ql p 0l \ 

t' i n ^ a njV_fc/ 2 ' e ^ n N-k/2> 



= E 



( r s i (/ cos 2irn(iy) N _ k/2 ) + ie sin 2>im{iy) N/2 ) j x r 5 i ^m^-^ 

y d n-k/2 J a n-k/2 



i.e. by the sum over the integers n of two-dimensional semitori T^ ei \S^ 
el 1 . ) with elliptic cross sections el 1 , of weight k/2 and level iV 



a «JV_fe/2 ' 



where: 



= rci e 27rma; iv-fe/2 i s the equation of a semicircle over "x" at (a x fc/2) 

a ™iV-fe/2 ° a n-k/2 ^ \ I J 

transcendental quanta with radius r s i and real points x^-k/2 of order (iV x 
k/2) , n = ad; 
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• e£l f , = r s i (f cos2nn(ii/N-k/2) + iesin27in(iyN_k/2)) is the equation of an 

' N ~ k / 2 d n-k/2 

ellipse over "i • y" at (d x fc/2) transcendental quanta with r 5 i being the 

d n-k/2 

radius of the circle in one-to-one correspondence with e ^lf, nN _ k/2 an d "real" points 
u iyN-k/2 n of order (N x k/2) . 

3.13 Proposition 

The weak Maass form f™ M \z N _ k ) of weight k and level N defined by the 
series: 

is: 

a) periodic; 

b) holomorphic and weakly modular. 
Proof: 

a ) fk VM ( z N-k) is periodic because it verifies: 

fWM ( \_fWM( v 

b) f™ M {z N _ k ) is holomorphic but not modular with respect to the elliptic 
cross section el 1 f deviation from circularity. On the other hand, the 
circle factor Si of is modular. 

an N-k/2 

Consequently, f^ M (z^-h) will be said to be weakly modular, the modularity given 
by: 

f? M (^Tl) = /^(^-*) fOT (S S) e SL(2, iZ) • 

\CZN-k + a/ 

Remark that the modularity can be checked by using the formula: 

cos (a ■ b) = - (exp(iafe) + exp(— iab)) = - ((exp ia) h + (exp — ?a) 6 ) 

and 

cos (f) = \ ((exp(m) 1/b + (exp-ia) 1/fe ) . - 
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3.14 Generalized weak Maass forms: Elliptic forms 

The weak Maass form f^ M (z N _ k ) of weight k and level N , having a decomposi- 
tion into the sum over the n sublattices, 1 < n < oo , of two-dimensional semitori 
with elliptic cross section, can be generalized to elliptic forms of weight k and 
level N introduced as having a decomposition into the sum over n sublattices 
of surfaces of revolution of (semi) ellipses rotating around ellipses instead of 
circles as for the weak Maass forms. 

Thus, a two-dimensional elliptic form f^ L (z N _ k ) of weight k and level iV will 
be defined by the series: 

f k EL (z N - k ) = ^EL^\e£l bnN _ k/2 ,e£l LnN _ k/ J 

r s i (b cos 2nnxN-k/2 + ia sin 2irnxN-k/2) j 

x I r s i (f cos 2-Kn(iy N - k / 2 ) + ie sin 2im(iy N - k/2 )) I 

\ Tt k 1 2 J 



where: 



• ELn (ei 1 , ,e£l f „ ) is the n-th surface of revolution of the ellipse 

V a6n ]V-fc/2 e J> n N-k/2' ^ 

e£l f „ rotating around the ellipse et a b„ \ 

• the equation of the ellipse ei 1 ^ ^ is given by: 

eLb„ AT .., =r s i (b cos 2-Knx N - kj2 + ia sin 2imx N - k / 2 ) 

i V — kf z n — k/2 

with rgi being the radius of the circle in bijection with el\ hn referring to 

TL—~k i '2 N — k J 2 

section 3.12 and x N _ k / 2 being a point or order (N x k/2) . 

The elliptic form f^ L {zN-h) , defined over a doubly periodic lattice, is thus an 
elliptic function characterized by four parameters " a , b , e , / " which are the 
half lengths of the axis of the two ellipses ei 1 , and ei 1 . 

° ab ™N-k/2 ef,n N _ h/2 

3.15 Proposition 

Let f k (z N _ k ) , f]^ M {zN-k) an d f k L {z N _ k ) be respectively a cusp form, a weak Maass 
form and an elliptic form of weight k and level N . 
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Then the commutative diagram 

fk{zN-k) * fk WM ( z N-k) 

^ r> 

fk L ( Z N-k) 

indicates the possible transformation of one of these forms into another. 

Proof: The above commutative diagram results from the one-to-one correspondence be- 
tween these forms referring to proposition 3.10. ■ 

3.16 Mock Theta functions of Ramanujan: A brief synthesis 

Each of the 17 Ramanujan's theta functions belongs to one of the three families of functions: 

a) Lerch sums, 

b) quotients of binary theta series by unary theta series, 

c) Fourier coefficients of Jacobi forms, 
as discovered by S. Zwegers [Zwe]. 

oo 

These theta functions are q -hypergeometric series of the form £ A n (q) , A n (q) e Q(q) ■ 

n=0 

The first of these is: 



/(?) = S 



n 2 

oo q n 



n=o (1 + q 2 ) . . . (1 + q n ) 2 
Each Ramanujan theta function is a Mock theta function given by the q -series 
H{q) = £ a n q n in such a way that q x H(q) , A 6 Q , be a Mock modular 

form of weight 1/2 whose shadow is a unary theta series of weight 3/2 given 
by a function of the form Es(n) n q Kn2 , K e Q , where e(n) is an odd periodic function. 

n 

A Mock theta function is thus a Mock modular form of weight k of the space 
M k of such forms extending the space M k of classical modular forms of weight 
k and characterized by a shadow g = S[h] which is a modular form of weight (2 — k). 
Zagier then deduced that the Ramanujan's Mock theta function H(q) acquire 
modularity after carrying out the following three steps [Zag]: 

a) multiply H(q) by a rational power q x of q ; 

b) change the variable q = e 2nlT by r , setting h{r) = e 2mXT H(e 2mT ) ; 
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c) add a nonholomorphic correction term g*(r) to h(r) in such a way that h(r) = 
h(r) + g*(r) transforms like a modular form of weight 1/2 with g*(r) associated 
to a theta series g{r) = £ n q Kn2 being a modular form of weight 3/2 and the 

shadow of h(r) . 

Finally, it appears that the space M k of Mock theta functions is in one-to-one correspon- 
dence with the space M k of weak Maas forms. 

Having proposed in the preceding sections a geometric and algebraic approach to theta 
series and weak Maass forms, we will try to give in the next proposition a geometric 
interpretation of Ramanujan's theta functions transformed into Mock theta 
functions related to weak Maass forms. 

3.17 Proposition (Connection of Ramanujan Theta functions 
with weak Maass forms, modular forms and global ellip- 
tic semimodules) 

Let M. H ^ l : H(q) — > h(r) denote the map corresponding to the three step sequence 
recalled in section 3.16 and transforming each Ramanujan theta function H(q) into a 
Mock modular form h(r) of weight 1/2 characterized by a shadow g*(r) being a modular 
form of weight 3/2 . 

Then, the map M. H _^ corresponds to the composition of maps (Ai^wM;hoi_^ o 
M. H f wM-,hoi) of the commutative diagram: 




Win-*) 
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where: 



• fY M ' hol { T ^--2) is the holomorphic part of the weak Maass form fY M { T i-2) of the 
space M 2 of weight 2 and level 1 ; 

• /2 M ( T i-2) is the Mock modular form of weight 2 and level 1 of the space M 2 ex- 
tending the space SX(2, 1) of classical (or Weil) modular forms /2(ti_ 2 ) of weight 
2 and /ewe/ 1 ; 

• ELLIP li (2, n, m n ) and ELLIP^ M ' ho/ (2, n, m n ) are the global elliptic semimodules of 
weight 1 and level 1 covering respectively the modular forms j 2 (ti_ 2 ) an d 

• M. H _ Jf jWM,hoi and AifWM,hoi_ji are the maps respectively of the steps ((a) - b) and 
c)) of the three-step sequence recalled in section 3.16; 

f M is the covering map of the Mock modular form h{r) of weight 1/2 and 
level 1 by the Mock modular form /^(ti_ 2 ) of weight 2 and level 1 , 



in such a way that: 



a) the nonholomorphic part f 2 ,non (ti_ 2 ) of the weak Maass form fY M { T i 
corresponds to the shadow g*(r) of the Mock modular form h(r) ; 

b) the spaces Mi of Mock theta functions h(r) and \M\ 2 of weak Maass forms f 2 WM (ji-2 
are isomorphic; 

c) the bijective map A4^ ELLIP : h{r) ELLIP 1l (2, n, m n ) is an extension of the 
bijective map: 



M f wM, h oi^ ELL1F : f 2 (ri_ 2 ) — > ELLIP 1l (2,n,m n ) 
by the shadow h(r) . 



Proof: The map 

M H ^ f wM,hoi : H(q) — > f2 WM,h ° l ( T i-2) , 

corresponding to the steps a) and b) of section 3.16, transforms each Ramanujan's q- 
hypergeometric series H(q) = £a n q n into a holomorphic function which may be the 

n 

holomorphic part fY M ' h °\ T i-2) of a weak Maass form f 2 WM {T\-2) of weight 2 and level 
1 , referring to proposition 3.10. 
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Then, the map 

a a rWM,hol/ \ w \ 

M f wM,hoi : / 2 (ti- 2 ) — >■ /i(r) 
corresponds to the map 

\A . rWM,hol, \ f WM(_ \ 

extending fY M ' h ° l { T i-2) by the shadow g*(r) which may be the nonholomorphic part 
j?WM,nonhoi^^ o ^ ^ e wea k Maass form /^ m (t!_ 2 ) according to proposition 3.11. 
It then results that the global elliptic semimodule ELLIPi L (2, n, m n ) , covering h(tr) , is 
an extension by the shadow g*(r) of the global elliptic semimodule ELLIP^ M,?i0? (2, n, m n ) 
covering / 2 (n_ 2 ) . 

And, thus, the spaces M 1 of Mock theta functions h(r) , which are real analytic modu- 
lar forms [Wat], and M 2 of weak Maass forms f 2 MW { T i-2) are isomorphic (see proposi- 
tion 3.7). ■ 



3.18 Corollary (Mock modular forms of weight k) 

The weight 2 case of Mock modular forms studied in proposition 3.17 can be easily gen- 
eralized to the weight k by considering that the shadow of weight (2 — k) of a Mock 
modular form of weight k corresponds to the nonholomorphic part of a weak Maass form 
f2 MW ( T i-k) of weight k and level 1. 

3.19 Partitions of n and Dyson's rank 

In order to provide a combinatorial explanation of Ramanujan's congruence for the number 

of partitions p(n) of an integer n [B-Ol] of which generating function is 

00 00 l 

E p(n) q n = n , 

n=0 n=l 1 — q n 

F. Dyson [Dys] introduced the rank of a partition defined to be its largest part 
minus the number of its parts. 

In this respect, let N(n,m) denote the number of partitions of n having rank m congruent 
to r mod s . 

The generating function giving the number of partitions of n with rank m is: 

00 +00 

R(u,q) = E E N(n,m) u m q n 

n=l m=— 00 

= 1+ s — 

n=l 



II (1 -u q m )(l - UJ- 1 q r 

m=l 
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where u = e 2mx ^ s is a s -th root of unity. 

According to D. Zagier [Zag], knowing the functions n — > N(n,m) for all r (mods) is 
equivalent to knowing the specializations of R(u;q) to all s-th root of unity oo . For 
u — — 1 , R(u,q) specializes to the first Ramanujan's Mock theta function f(q) given in 
section 3.16. Bringmann and Ono [B-02] generalize this to other roots of unity. 

3.20 Proposition (Partitions of quanta in Ramanujan's Theta 
functions) 

Let R(uj,q) be the partition function specializing to the (17) Ramanujan's Mock theta 
functions H(q) of weight 1/2 and level 1. 

As N(n, m) denotes the number of partitions of transcendental quanta, it follows 
that: 

1 ) the Dyson's rank m of a partition of n must be the order of the maximal 
Galois sub(bisemi)group associated with the considered transcendental 
biextension minus the number of Galois sub(bisemi)groups; 

2) (jj m is a phase factor related to N(n,m) ; 

3) N(n,m) x nu may be the multiplicity of the n-th global elliptic sub- 
semimodule ELLIPi i (l, n) covering the n-th term of the Ramanujan's 
Mock theta function H(q) specialized from R(u; q) where nu is the number of 
nonunits of Galois extensions; 

4) there is a map: 

Mf^ fm : H(q) — > / 2 (ti_ 2 ) 

from the theta function H(q) to the corresponding Hecke cusp form f 2(^-2) of 
weight 2 and level 1 in such a way that N(n,m) uj m maps into the n-th 
coefficient c n2 (being a global Hecke character) of the cusp form f 2 (ri- 2 ) = 
£ c n2 • <?i_ 2 . 

n 

Proof: 

1) As the integer n in the Mock theta series refers to the n-th -sublattice (see 
proposition 1.7) of the cusp form f 2 {ji- 2 ) extending H{q) , as developed in proposi- 
tion 3.17, and as f 2 (ri- 2 ) is generated from the Weil (or Galois) group accord- 
ing to section 2.2 by means of a Langlands global correspondence (see section 2.5), 
it (i.e. the integer n ) must correspond to the order of a Weil (or Galois) subgroup. 
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Taking into account the definition of the rank m of a partition of n , it is clear that 
the largest part of partition is the order of the maximal Galois sub(bisemi)- 
group associated with the considered partition and that the number of 
parts of the partition is the number of intermediate Galois (or Weil) 
sub(bisemi) groups. 

2) Referring to the diagram of proposition 3.17, we see that the global elliptic semimod- 
ule ELLIP^ M,/lo/ (2, n, m n ) covers the holomorphic part f^ MMl (n_ 2 ) of the weak 
Maass form f 2 WM (r 1 - 2 ) and thus also H(q) . 

Then, (N(n ) m) x nu) must refer to the multiplicity "m„ " of the n-th global elliptic 
subsemimodule 

ellip lL (l,n) = £ Ai(l or 2,n) e 2 ™" 1 ^ 1 " 1 
according to section 2.7. 

. . . in contrast with the result of proposition 2.8 referring to the multiplicity with respect 
to Hecke cusp forms in the sense of: 

3) the map 

M H ^f{2) ■ H(q) — ► / 2 (ti_ 2 ) 

N(n,m) u m — > c n2 , Vfief, 

is such that N(n,m) u m be sent into the n-th coefficient of /2(ti_ 2 ) which is a 
product of radii of two orthogonal circles (see proposition 1.9). ■ 



3.21 The Tau function: A brief summary 

The Ramanujan tau function is the function defined by: 

oo OO . . 

2 r (n) q n = q n (1 - q n ) = A(z) , q = e 2mz ;, z = x + iy , y>0. 

n=l n=l 

As we have the equality 

a(z) = V ( Z r , 

oo 

where r](z) = q 1 ' 24 II (1 — q n ) is the Dedekind's eta function of weight 1/2 and level 1 

n=l 

due to transformation laws: 

rt(-l/z) = (-iz) 1/2 rj(z) and n(z + 1) = e ni/l2 n{z) , 
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and as A(z) satisfies the symmetry condition: 

A(-l/z) = z 12 A(z) , 

A(z) is a modular form of weight 12 and level 1 . 

The coefficients r(n) satisfy: 

a) r{nm) = r(n) r(m) if (n, to) = 1 , 

b) r(p n+1 ) = t(p) T{p n ) - p u r(p™ _1 ) , n > 1 , 

c) |r(p)| < 2 p 11 / 2 , V prime 

which is the Ramanujan's conjecture proved by P. Deligne. 
The r(n) enjoy many congruence relations, for example: 

r(n) = (7ii(n) mod2 n for n — 1 mod 8 , 

and a very interesting one is: 

r( n ) = E d 11 mod 691 

0<d|n 

in such a way that the Eisenstein series 

oo / . , 

E 12 (g) = -S 12 /24+ E Erf 11 

n=l \0<d|n. 

where 

B 12 /2A = -691/65520 = mod 691 , 

has the same Fourier expansion coefficients as A(z) as analyzed by B. Mazur in [Maz]. 
The Dirichlet series associated with the Ramanujan tau function is: 

L T (s) = U- 



pi — r(p) p s + p u 2s 

and the function {2tt)~ s T(s) L t (s) is invariant under the substitution s — > 12 — s . 
The Ramanujan tau function A(z) = E r(n) q n = q — q n ) 24 is a generating function 

n n 

on numbers of inverse partitions of quanta (corresponding perhaps to partitions in the dual 
(semi) space with respect to the generating function 

Sp(n) q n = Il—^ 

n n 1 — q n 

of numbers of partitions p(n) of quanta as analyzed in section 3.19. 
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Referring to proposition 3.20, the map 



M A ^/ (12) = A(z) y / 2 (2i2-i) 

from the tau function A(z) of weight 12 to the associated two-dimensional 
(Hecke) Weil cusp form f 2(212-1) of weight 12 and level 1 will be studied in 
the next proposition and proved to correspond to a map from this tau function 
to a cusp form </>( 12 ) (z 12 -i) in 12 real dimensions and level 1 (on (F 6 ) which is 
an orthogonal universal structure. This may be a clue to know how to compute the 
congruence relations of r(n) . 

3.22 Proposition (Universal (orthogonal) cusp form in dimension 
2 and weight 12 ) 

Let /2(-2i2-i) be a two-dimensional Weil cusp form of weight 12 and level 1 . 
Let 

CP(i 2 )_> 2 : (12) (^12-l) — )• / 2 (*12-l) 

&e £/ie map /rom the cusp form (-212-1) on € 6 of level 1 projecting it into the two- 
dimensional cusp form (212-1) and satisfying the commutative diagram: 

, s CP(i2)_»2 
(12) (^12-l) ^ / 2 (*12-l) 




Then, the two-dimensional cusp form /2(^i2-i) of weight 12 and level 1 is a 
universal "orthogonal" cusp form corresponding throughout Langlands global 
correspondences to the sum of the cuspidal representations of six bilinear al- 
gebraic semigroups generating three two-dimensional embedded toric bisem- 
isheaves as well as their orthogonal equivalents according to: 

n( 12 )(GL 6 (F„ x D F u )) = © n^)(GLi i (F„ x D F u )) RxL ^ f 2 (z 12 -i) 

i=i 

where: 

• IT^^GLi^F^ x D F u )) , being the two-dimensional cuspidal representation of the 
bilinear algebraic semigroup GLi t (F^ x D F u ) , is in one-to-one correspondence with 
the two-dimensional cusp form f 2^2-1) of weight 2 and level 1 , 1 < i < 6 ; 
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• H ( - 12 \GIjq(Fzj Xd F w )) , being the twelve- dimensional cuspidal representation of 
GL 6 (Fjj x D F u ) , is in one-to-one correspondence with the cusp form < - 12 - ) (-2i2-i) ■ 

This is summarized in the commutative diagram: 

{^(GL^ x D Fu))}i=i - lK 12 )(GL 6 (F CT x D F u )) 

{12) (^12-l) 

C-P(12)->2 

{f^Myu ► / 2 (*i2-i) 

Proof: 

1) Let {0fl(^4flN) ® < ^ ) i(fl , S[ n ])}n=T denote the set of two-dimensional bisections of 
a bisemisheaf (M^\f uj ) ® M^i^)) of differentiable bifunctions constituting the 
functional representation space FREPSP(GL 1 (F n7 x F u )) of the bilinear algebraic 
semigroup GL^Fjj x F w ) over sets of complex transcendental extensions Fjj and 

Let (M^" L (F sr ) ® M^ ± (F W )) be the orthogonal complement bisemisheaf of 

(M<?>(ik)®M< 2) (F w )). 

Degenerate singularities on these bisemisheaves can give rise, by versal deformations 
and blowups of these, to one or two new covering bisemisheaves according to the 
kind of considered singularities as developed in [Pie9], [Pie 7]. 

If there are degenerate singularities of corank 1 and codimension 3 on these bisem- 
isheaves, we get, after a process of versal deformations, blowups of these, desin- 
gularizations and toroidal compactifications, the three shell embedded bisem- 
isheaves: 

n (2i) (GLi 1 (F^ xq« n^GL^ x f^) 

C n( 2 3)(GL l3 (F^ (1) x F Umm )) ©n^)(GL l4 (F^ (1) x 

C n^)(GL lB (F^ (2) x F Umm )) ©n( 2 «)(GL l6 (F^ (2) x F^^) 

where: 
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• n( 2< )(GLi.(— x — )) is the cuspidal representation of the i-th bilinear (algebraic) 
semigroup GLi^— x — )) , 1 < % < 6 in such a way that the sum of its conju- 
gacy class representatives, which are products, right by left, of two-dimensional 
semitori according to sections 2.6 to 2.8, is the two-dimensional cusp biform 
/2j(^2-i) x f2i( z 2-i) °f weight 2 and level 1 referring to sections 2.5 and 1.12; 

• n( 24 )(GL l4 (Fjj cou(1) x i^o) co „(i))) is the cuspidal representation of the blinear (al- 
gebraic) semigroup constituting the first shell covering of il^ 22 (GL l2 (F Z j x F w )) 
with " _L " referring to the orthogonal complement cuspidal representation. 

2) Taking into account the Langlands global functoriality conjecture introduced in 

[Pie4], we have that the sum £ n^^GLi^F^x F u )) of the six above cuspidal repre- 

i=i 

sentations is equal to the 12 -dimensional cuspidal representation n^ 12 ) (GL^Fj x D 
F u )) of the bilinear (abstract) complex semigroup GLg(Fj x d F^,) . 

Indeed, the Langlands global functoriality conjecture states that the 12- 
dimensional cuspidal representation Tl^ 12 \Ghe(Fvj X d F^)) is nonorthogo- 
nally reducible it if decomposes diagonally according to the direct sum of 
irreducible cuspidal representations of the (algebraic) bilinear semigroups 
GLi i (i J 5j- X FJ) and offdiagonally according to the direct sum 

© (n^)(GL li (F sr )) x n^ 2 ^(GLi (F w ))) 

of the (tensor) products of irreducible cuspidal representations of cross 
(algebraic) linear semigroups 

GL^F*)) x (GL!.(F W )) = T[. x 7\.(F W ) . 

So, 

n( 12 )(GL 6 (F^ x F u )) = © n^)(GL li (F„ x F u )) 

i=l 

© n^^GLx (F^)) © n (2j) (GLi (F w )) 

in such a way that, if n^-^GL^Fj x F u )) is orthogonally completely reducible, 

then the crossed cuspidal representations © n^ 2 ^(GLi (Fj)) <g)n( 2j ')(GLi.(F w ) are 

#3=1 

equal to zero. 

3) Taking into account the sum of the 12 -dimensional cuspidal conjugacy class rep- 
resentatives of n( 12 )(GL 6 (Fjj x F w )) , we get the 12 -dimensional cusp biform 
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<£ (12) (^ 2 -i) X (12) ( z i2-i) of level 1 which, by the map CP(i2)->.2 ? sends 
it into the two-dimensional cusp biform f2(z^ 2 _ 1 ) X f 2 (z\ 2 -\) of weight 
12 and level 1 referring to propositions 1.14 and 1.17: 

n( 12 )(GL 6 (F^ x D F u )) -0 {12) (%Vi) Xd (12) (^i2-i) 

) X D / 2 (^12-l) 
f 2(zi2-l) 

As, by hypothesis, /2 (42-1) x 0/2(^12-1) and ^(^-i) y -of2 l (z 2 -i) are diagonal cusp 
biforms, they are in one-to-one correspondence respectively with their left equivalents 
72(212-1) and f 2i (z 2 -i) ■ 
Then, we get the equality: 

/ 2 (2l2-l) = © /^(^-l) 
i=l 

resulting from the above commutative diagram and corresponding to the an- 
nounced universal "orthogonal" cusp form f 2 (zi2-i) m dimension 2 , 
weight 12 and level 1 . 

4) Finally, the map 

M A \^ 2) : (12 Wi) _> A(z) 
directly results from the maps 

CP(i2)^ 2 : </> (12) (2i2-i) — > f 2 (zi2-i) and A4a->/(12) ■ A(z) — > f 2 (z 12 -i) . 

Then, A(z) , defined by 

A(^) = (^) 4 ) 6 = (g 1/6 n(l-g") 4 ) 6 ! 

n 

i.e. by the 6-th power of (r](z)Y which is a modular form of weight 2 , is directly 
related to a 12 -dimensional cusp form <// 12 ) (z 12 -i) of level 1. ■ 




3.23 Universal nonorthogonal bilinear cuspidal representations 

The generalization of proposition 3.22 to universal "nonorthogonal" cuspidal representa- 
tions including crossed cuspidal representations of interaction will now be envisaged. 
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Referring to the Langlands functoriality conjecture [Pie4], the bilinear cuspidal repre- 
sentation n( 12 )(GL 6 (-Fij x F w )) of the (algebraic) bilinear semigroup Gh 6 (F ZJ x 
FJ) decomposes essentially according to: 

n^\GU(Fu x F u )) = © n (2i) (GLi.(F57 x D F u )) 

i=l 

© U^\GL u (F n )) ®od n^GL^Fj) 

where the second sum on the right hand side refers to crossed cuspidal representations 
leading to a nonorthogonally reducible representation of 11^ (GL 6 (F n x F w )) . 
According to [Pie9], the six diagonal cuspidal representations n( 2i ^(GL 1 .(i^ x D 
F&)) , 1 < * < 6, correspond to an embedded three-shell universal physical 
structure of space-time ("ST"), middle-ground ("MG") and mass ("Af "): 

II^GLf (F F x D F V )) T © n^GLf (ifc x D F u )) s 

C n^(GL?f (F ? x D F„)) T © n^GLff (F, x D F w )) s 

C lP*\GL" (F w x D F„)) T © n^GLj (ifc x D F w )) 5 

in such a way that: 

• n( 1 i)(GLf(F F x D F„)) T » n( 2 i)(GL ll (F„ x D F w )) , 
n (i3) (GL MG (jFV Xd Fv))t w n(23)( GLl3 (F J x D F w )) , 

and n^)(GLj(Fr x D F W )) T » n( 2 ")(GL 1(S (F CT x D F w )) , 

are the one-dimensional "time" diagonal cuspidal representations respec- 
tively of the space-time, middle-ground and mass shells; 

. n<*>(GL^(ifcx D F w )) fl , n^)(GL?f(F^x D F w )) s and n^GL^Jfc x D F u )) 8 
are similarly the two-dimensional "space" diagonal cuspidal representations 
respectively of the space-time, middle-ground and mass shells. 

In this context, the six relevant off diagonal or crossed cuspidal representations 
Il( 2 ^(GL 1 .(F^)) (£)od n( 2 j)(GLi.(F w )) , being interaction crossed cuspidal rep- 
resentations n( 2i )(GL 2i (F w )) <£w n( 2 ^(GL 2j .(F„)) , are for [PielO]: 

• * 7^ J = 1 ? 2 and 3 the crossed cuspidal representations of the interacting 
fields respectively of the space-time, middle-ground and mass shells; 
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• * 7^ J = 4 , 5 and 6 the interacting crossed cuspidal representations 
between respectively the three different right and left semifields of the 
"ST R - MG L ", "MG R - M L " and " ST R - M L " , mixed shells: 

n^)(GLf(F ir )) T ® mi n^)(GLg G (^)) s , n^)(GLg G (F ? )) T ® mt n( 2 «)(GLg(F„)) 5 

and n^)(GLfJ(F ? )) r ® mt n<*>(GL£ {F v )) s . 



3.24 Proposition 

The cross binary product 

X_(f 2i (4-l) X / 2i (^2-l)) =(h f^-l)) X ( S / 2i (^2-l) 

between the six cusp biforms /b^l-i) x /^(^-i) of dimension 2, weight 2 and /ewe/ 1 
is £/ie image of the injective map: 



M e ■■ n^ 2) (GL 6 (F^ x F w )) A(/ 2i (4_ 1 ) x / 2i (^ 2 -i)) 



6 

X 



/rom the relevant universal nonorthogonal bilinear cuspidal representation 
II^i (GL 6 (F i? X -F^)) decomposing into six relevant cuspidal representations 
of interaction by taking into account the section 3.23. 

Proof: The cross binary product between cusp biforms was introduced in [Pie3] and 
recalled in section 1.12. 

The six diagonal cusp biforms {/^(z^-i) x D/2i(^2-i))}i=i are in one-to-one correspondence 
with the six time and space diagonal cuspidal representations of the embedded three shell 
universal physical structures ST , MG and M mentioned in section 3.23. 
The thirty off diagonal bilinear cuspidal representations {/^(-^-i) Xod^ (-22-1))}^=! re- 

i>3 

duce by symmetry, i > j , to fifteen ones among which the six in one-to-one correspondence 
with the interacting crossed cuspidal representations taken into account in section 3.23 are 
relevant. The other nine remaining off diagonal bilinear cuspidal representations are diago- 
nal crossed cuspidal representations of gravitational fields between mixed shells ST — MG , 
ST — M and MG — M . Knowing that gravitational fields can be transformed into electro- 
magnetic fields referring to [Piell], we understand why these off diagonal bilinear cuspidal 
representations are not really relevant. ■ 
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